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This research is classified into two broad sections: ring-based MEMS (Micro-electro 
Mechanical Systems) and macro gyroscopes and novel bi-stable/monostable nonlinear 
energy harvesting systems. In both cases, models and solution methods are based on ring 
structural dynamics considering comprehensive nonlinear formulations. 
The investigation of nonlinear and linear dynamic response behavior of MEMS and macro 
ring gyroscopes forms the basis of the first study. This class of MEMS/macro ring-based 
vibratory gyroscopes requires oscillatory nonlinear electrostatic/electromagnetic excitation 
forces for their operation. The partial differential equations that govern the ring dynamics 
are reduced to a set of coupled nonlinear ordinary differential equations by assuming 
nonlinear and linear mode functions and via the application of Galerkin's procedure. 
Understanding the effects of nonlinear actuator dynamics via suitable modeling is 
considered essential and adequately addressed. An external excitation of the ring gyroscope 
at a frequency close to the system resonant frequency is necessary to increase operational 
sensitivity.  The variation of natural frequencies has been examined theoretically and 
experimentally. Nonlinear and linear dynamic responses in the driving and sensing 
directions are examined via time responses, phase diagram, Poincare’ map, and bifurcation 
diagram in the presence of input angular motion and the excitation forces.  
The second part of this research focuses on the design, modeling, and dynamic analysis of 
novel macro and MEMS ring energy harvesting systems. This study is concerned with 
nonlinear dynamic analysis of both bistable and monostable ring structure-based energy-
harvesting systems. The ring structural elements in this class of harvesters are considered 
as an alternative to the previously used beam and tube structural configurations. 
Comprehensive mathematical models for the proposed nonlinear and linear ring harvester 
systems and nonlinear magnetic and electrostatic forces that act on the ring structure are 
formulated. Ambient sinusoidal excitations in a broad range of frequencies are considered 
as the energy source to the harvester. Consideration of the harvester system nonlinearities 
and the nonlinear external magnetic force results in system bi-stability and an increased 
ii 
 
frequency range. Also, external excitation of the ring-based nonlinear harvester at a 
frequency close to the system resonant frequency associated with the second flexural mode 
is essential to increase operational efficiency. Ring-based bi-stable and monostable 
broadband energy harvesters are entirely new to the literature and are designed and 
analyzed in the present study. The time response, phase diagram, Poincare map, and 
bifurcation diagram when the nonlinear system is subjected to ambient harmonic excitation 
and a nonlinear magnetic force have been employed to understand the system response and 
the generated power.  
These investigations are envisaged to provide an insight into the dynamics of these devices 
and to aid ongoing research associated with their fabrication as well as future design 
improvements.  
 
KEYWORDS: MEMS, rotating ring, ring gyroscope, second flexural mode, coupled 
nonlinear system, bifurcation, nonlinear electrostatic forces, nonlinear electromagnetic 








SUMMARY FOR LAY AUDIENCE  
This research focuses on the dynamics of ring-based MEMS (Micro-electro Mechanical 
Systems) and macro gyroscopes as well as novel nonlinear energy harvesting systems.   
The first study dealt with gaining an understanding of MEMS and macro ring gyroscope 
dynamics using suitable nonlinear models. This class of gyroscopes requires oscillatory 
nonlinear electrostatic/electromagnetic excitation forces for their operation. Understanding 
the effects of nonlinear actuator dynamics via suitable modeling is considered essential and 
adequately addressed. An external excitation of the ring gyroscope at a frequency close to 
the system resonant frequency is necessary to increase operational sensitivity. These 
significant concerns are addressed in the present research.  
The second study dealt with the design, modeling, and dynamic analysis of novel MEMS 
and macro ring energy harvesting systems. As part of this research, nonlinear dynamic 
analyses of both bistable and monostable ring structure-based energy-harvesting systems 
have been performed. The ring structural elements in this class of harvesters are considered 
as an alternative to the previously used beam and tube structural configurations. Ambient 
sinusoidal excitations in a broad range of frequencies are considered as the energy source 
to the harvester. Ring-based bistable and monostable broadband energy harvesters are 
entirely new to the literature and are designed and analyzed in the present study employing 
adequate indicators that bring out the significance of the device nonlinearities.  
The present research is expected to help ongoing developments in the area of device 
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CHAPTER 1   
INTRODUCTION AND LITERATURE REVIEW 
 
1.1 Introduction 
Guidance and navigation technologies devices have been developed due to human desires 
for a safe journey under the ocean and space. The essential signals for typical navigation 
systems are generally provided by gyroscopes or gyrocompass and accelerometers. The 
most accurate inertial navigation systems can be found in the submarines or 
Intercontinental Ballistic Missiles (ICBMs), which need navigation with errors measured a 
few meters over an extended mission. The next lower level of inertial navigation systems 
in civilian aircraft and long-range military aircraft, and the lowest level inertial navigation 
systems have been used in tactical weapons such as short-range missiles. Inertial navigation 
systems that consist of conventional angular rate sensors such as mechanical, fiber-optic, 
or ring-laser gyroscopes have been used in typical applications. In all cases, the emphasis 
is placed on the precise measurement of angular motion characterized via the measured 
angular rate of a rotating body with respect to an inertial frame.  
Gyroscopes can be categorized into three basic groups according to their performance: rate, 
tactical and inertial grades, where rate grade represents the poorest level while inertial grade 
represents the best. The systems mentioned above are typically large, expensive, and 
complicated mechanically and electrically. In order to overcome the drawbacks of 
conventional angular rate sensors, an alternative technology using vibrating structures to 
provide gyroscopic torque from Coriolis acceleration has received remarkable attention in 
the recent past, primarily in the micron as well as macro scales. In particular, when 
micromachining processes is employed for their manufacture, it offers cost and size 
advantages for producing the angular rate sensors. This class of devices fabricated in both 
the micron and the macro scales falls into the broad class of sensors called Coriolis 
Vibratory Gyroscopes (CVG). The devices fabricated in the micron scale use beam, tuning 
fork, spring-mass, and thin circular ring-type structures to represent the vibrating structural 
elements. These MEMS-based vibratory gyroscopes that offer tremendous size and cost 
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advantage over the conventional ones have only achieved the rate grade. Recently, this 
class of devices manufactured in the macro scale, primarily employing cylindrical and 
hemispherical structures as resonators, have gained acceptance with their performance level 
nearing tactical grade. However, a higher level of accuracy is desirable so that the 
performance may be further elevated to the inertial grade. Therefore, efforts to improve the 
performance level of both micro and macro scale vibratory angular rate sensors are 
receiving significant attention at present. It may be noted that considerations of the 
dynamic, particularly the nonlinear behavior of the vibratory structures employed in this 
class of sensors, have only received limited attention. The characteristic length of macro 
devices is typically more than 1𝑚𝑚. With the advancement in MEMS fabrication methods, 
a size reduction of microelectromechanical systems can be achieved with characteristic 
length of MEMS devices in the range between 1𝜇𝑚 and 1𝑚𝑚. 
The present research investigates the complete nonlinear dynamic behavior of this class of 
angular rate sensors in the micron and macro scales, and focusses only on the use of a ring 
or cylindrical structure as the vibrating element.  The operation of these devices relies on 
the highly resonant second flexural mode (often called the ‘wine glass mode) of the ring 
structure. In the present research, it is also shown that this highly sensitive mode could be 
exploited in the design of novel monostable and bi-stable vibratory energy harvesting 
systems. Hence, the investigation of the nonlinear dynamic behavior of this class of devices 
forms the basis of the second part of the thesis.  
The first section of the current research focuses on the nonlinear ring system and nonlinear 
electrostatic and electromagnetic forces that act on a flexible ring structure. An insight into 
the dynamics of ring gyroscope with consideration of system nonlinearities and the 
nonlinear electrostatic and electromagnetic forces has been obtained via numerical 
simulations. As noted above, these devices work on the principle of Coriolis acceleration 
and vibratory behavior of specific structural systems such as mass-spring, beams, and rings. 
In the recent past, the thin circular ring-type structures have gained much acceptance due 
to inherent advantages such as minimal drift to temperature fluctuation, high sensitivity to 
the rotation, and less sensitivity to environmental vibrations.  
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Although vibratory ring-type angular rate sensors offer the advantages mentioned above, 
their design has some challenges. One of the most significant challenges in constructing 
ring-based vibratory gyroscopes and harvesting system is the need for this class of devices 
to operate at one of the ring resonant frequencies to increase device sensitivity and 
efficiency. However, large resonant amplitudes tend to create undesirable nonlinear effects 
due to geometric and actuator nonlinearities. Hence, a rigorous nonlinear dynamic analysis 
of ring-type structures and consideration of input nonlinear actuator dynamics is warranted 
to gain a complete understanding of achievable performance improvements that can be 
achieved in this class of rate sensors.  
In order to understand this behavior, nonlinear dynamic response and associated nonlinear 
actuation forces that act on rotating thin circular rings need to be examined. Further, an 
experimental setup of a ring-based macro-scale gyroscope available within the dynamic 
and sensing systems laboratory has been used to validate natural frequencies for the 
numerical predictions proposed as part of the present research. 
The second section of the present research focuses on the design and dynamics of novel 
MEMS/macro ring-based bi-stable and monostable energy harvesters and nonlinear 
magnetic and electrostatic forces that act on the harvester resonator. One of the current 
research goals is to cover advances in novel ring energy harvesting, focusing on two 
different transduction mechanisms and mechanical excitation forms. Most vibration-based 
energy harvesters are currently designed as linear resonators that only work efficiently with 
limited bandwidth near their resonant frequencies. Consequently, increasing the bandwidth 
of vibration energy harvesters has become one of the most critical issues before widely 
deploying those harvesters in practice. In the present research, broadband vibration energy-
based ring harvester covering frequency, multimodal energy harvesting, and nonlinear 
energy harvesting configurations have been studied in detail. In practice, energy harvesters 
are distributed parameter systems. Thus, one of the harvester's vibrational modes can be 
excited when the driving frequency approaches the particular natural frequency. In 
addition, a cluster made up of multiple bi-stable harvesters may be constructed so that the 
effective bandwidth may be increased to enhance the power generation.  
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In the present study, a novel ring-based energy harvester is designed and analyzed. 
Magnetic forces have been employed to generate appropriate nonlinear systems that exhibit 
monostable and bi-stable behavior, which can be utilized as harvesters. A comprehensive 
mathematical model representing the system's nonlinear dynamic behavior is derived, 
assuming that the ring is symmetric. Nonlinear equations of motion are derived, ignoring 
the extensional vibrations since only the second resonant flexural mode is excited in this 
class of applications. An external magnetic field is employed in a repulsive configuration 
to assist the harvesting of energy from the ring's vibratory flexural motion when subjected 
to ambient sources. The linear and nonlinear dynamic response behavior of ring harvester 
has been investigated via numerical simulations to examine the efficacy of this class of 
harvesters. For this purpose, time response, phase diagrams, Poincare maps, and bifurcation 
maps are investigated when the systems are under the action of harmonic excitation that 
represents ambient energy sources. Frequency response in the form of bifurcation maps is 
utilized to optimize the conditions for harvester operation. It is worth noting that the current 
proposed ring configuration has multiple magnet positions to attain the harvesting function 
compared to the beam, which has limited positions for the placement of magnets. Further, 
the proposed ring harvester can also benefit from multiple driving directions for a single 
ring, which is not feasible with the use of other structures such as a single beam structure. 
 
1.2 An example of a vibratory angular rate sensor  
Various micromachined structures can be used as the vibratory elements in the design of 
MEMS vibratory angular rate sensors, including prismatic beam, tuning fork, single- or 
dual-mass, disk, and circular ring-type structures. Ring-type micromachined vibratory 
angular rate sensors have been first introduced by Delco Electronics Corporation and 
British Aerospace Systems (Maluf & Williams, 2004). The vibratory structural element 
used in the ring-type angular rate sensors is shown in Figure 1.1. 
The ring-type structure, owing to its symmetry, possesses degenerate resonant modes often 
called primary and secondary modes. In the case of the second flexural mode, their 
vibration patterns possess two identical normal modes of vibration sharing a single resonant 
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frequency and the modes are offset set by 45°. In contrast with other types of angular rate 
sensors, the ring-type angular rate sensors are based on the transfer of energy between 
identical vibration modes due to the structural symmetry.  
 
Gyroscopes made of this type of structures are known to be less sensitive to environmental 
vibrations and temperature variations, when compared with those made of other structural 
configurations since temperature effects on the identical vibration modes of the ring, are 
the same (Lawrence, 1995). Besides, any frequency mismatch between the drive and sense 
resonance modes caused by asymmetries in the ring can be easily compensated 
electronically (Ayazi & Najafi, 2001).  
For overcoming these problems, a balanced, symmetrical, and isolated structural design is 
required. Moreover, electrical balancing techniques have been adopted to reduce these 
problems by developing the operating loop design and signal processing techniques (Putty, 
1995). In the design of sensors, the resonant frequency, quality factor, and dynamic stability 
should be considered carefully due to damping influence. Further, the performance of 
various grades of MEMS gyroscopes are summarized and compared using the data selected 
 
 





from commercially available gyroscopes in Table 1. It may be noted that, as mentioned 
earlier, MEMS gyroscopes which fall in the rate grade needs improvement so that the 
performance may be elevated to the higher grades. 
 
1.3 An example of an energy harvesting system using a 
flexible beam structure 
For over a decade, the research field of mechanical energy harvesting for low-power 
electricity generation has received increased interest from academia and commerce. The 
most advanced energy harvesting research goal is to enable energy-autonomous small 
electronic devices to convert ambient mechanical energy into electrical energy. The 
inherent applications of energy harvesting technologies cover many different industries and 
areas of applications such as broadcast sensor networks employed to monitor civil 
infrastructure systems, battery-free medical sensors implanted in the human body long-
term sensors used for animal tracking. 
The transduction of kinetic or vibrational energy into electricity using the electromagnetic 
method exploits the well-known Faraday’s law. The electricity generation in 
electromagnetic inductive energy harvesting is due to the relative motion between a 
conductor (such as a coil) and a magnetic field created by a magnet. Figure 1.2 shows the 
mechanical oscillator of beam harvester in which magnets were fixed at the free end of the 
Table 1.1 Performance requirements for different classes of gyroscopes. 
Parameter Rate Grade Tactical Grade  Inertial Grade 
Angular Random Walk 
(° √ℎ𝑜𝑢𝑟⁄ ) 
        > 0.5 
 
0.5-0.05 < 0.001 
 
Bias Drift (° ℎ𝑜𝑢𝑟⁄ )  
 
10-1000 0.1-10 < 0.01 
 
Scale Factor Accuracy (%) 0.1-1 0.01-0.1 < 0.001 
 









cantilever. At the same time, the other attractions have set at the bottom and top of the 
enclosure of the device (Challa et al., 2008). The permanent magnets have been vertically 
arranged to generate attractive and repulsive magnetic forces on each side of the cantilever. 
 
A basic description of monostable and bi-stable energy harvesters is provided based on the 
Duffing-type nonlinear oscillator, which forms the basis of these harvesters. For typical 
harvesting systems, the potential energy function 𝑈(𝑥) can be considered in quadratic form 
as 







 which yields a cubic nonlinear spring force  
𝐹(𝑥) = −𝑎𝑥 + 𝑏𝑥3. (1.2) 
The dynamics of the oscillator then becomes: 
?̈? + 𝜁?̇? − 𝑎𝑥 + 𝑏𝑥3 = 𝑓(𝑡), (1.3) 
 
 
Figure 1.2: Schematic of a bi-stable Campbell magnetic energy harvester of attractive 





where 𝑎 and 𝑏  are system coefficients that depend on the system's characteristics, 𝑥 denotes 
the oscillator position, 𝜁 represents the viscous damping, and  𝑓(𝑡) is the ambient vibration 
force. The potential energy for different a and b values are shown in Figure 1.3.  The 
condition 𝑎 ≤ 0 leads to a monostable system where only one equilibrium state occurs, 
where 𝑏 > 0 determines a hardening response, while 𝑏 < 0 a softening response.  The 
system exhibits a bi-stable behavior as illustrated via  𝑈(𝑥) when 𝑎 > 0 and 𝑏 > 0  and 
two equilibrium sates occur depicting two minima points. 
 
Several viable broadband energy harvesters have been designed in the recent past by taking 
this idea and applying it to flexible structures such as a beam and discrete magnetic 
configurations.  In order to understate how a monostable and bi-stable harvester works, the 
essential features have been identified: 
• The class that has a potential energy function with a single well is denoted as the 
monostable design. Monostable condition is known to be viable for low frequency 
and narrow-band excitations.  
 





• A system that exhibits bi-stable potential with two stable equilibria separated by a 
potential barrier (an unstable saddle) is needed to implement a broadband energy 
harvester. This is often made possible via a system of attractive/repulsive magnetic 
forces. 
• When sufficient energy is supplied to the system via appropriate small-amplitude 
parametric excitation, dynamics paths overcome the potential barrier and escape 
from one potential well to the other, activating the inter-well dynamics. The system 
flips between the two stable wells when excited by ambient random vibration. 
The current research efforts include design of novel examples of energy harvesters using 
either magnetic induction or electrostatic transduction utilizing vibratory ring structures. 
Each of these alternative mechanical energy harvesting methods has its advantages and 
disadvantages depending on the specific application that is considered. It is seen that the 
geometric scale of the application and the form and characteristics of the mechanical energy 
input dictates the best transduction mechanism. In the recent past, most research in energy 
harvesting has concentrated on piezoelectric transduction due to its ease of application and 
high power density. However, electrostatic energy transduction has unique advantages for 
MEMS fabrication and implementation. On the other hand, a magnet-coil arrangement that 
employs electromagnetic induction can outperform piezoelectric conversion for low-
frequency and large-displacement oscillations. Recently researchers have directed their 
attention towards more advanced and commonly encountered excitation forms such as 
ambient random vibrations. These more advanced forms of varying excitation frequency or 
broadband excitation require more exceptional energy harvester configurations for 
practical power generation.  
For this purpose, the present research of novel ring vibrational energy harvesting has thus 
focused on nonlinear sweep systems with potentially improved performance under 
broadband or wideband excitation compared to their linear resonant counterparts. This 
research employs two approaches to novel broadband energy harvesting methods: 
nonlinear magnetic transduction and electrostatic conversion exploiting nonlinear dynamic 
phenomena. Thus far, the studies performed on both monostable and bi-stable harvesting 
systems have been confined to beam and tube structures. However, a ring structure-based 
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harvester that is of interest to the present study may be more promising due to inherent 
advantages such as high mode sensitivity and minimal sensitivity to temperature fluctuation 
compared with other structures. 
 
1.4 Literature review  
Literature pertinent to the present research can be classified into two broad sections: ring-
based MEMS/macro gyroscopes and nonlinear energy harvesters. The first focuses on the 
ring structure, its dynamic behavior, and the usefulness for gyroscope applications, while 
the latter focuses on the harvester configurations and the relevant dynamics. 
 
1.4.1 Nonlinear dynamics of ring-based MEMS and macro 
gyroscopes   
The vibratory angular rate sensors have received considerable attention in the recent past, 
primarily due to the economic and technological advantages that are offered by this class 
of sensors. Gyroscope devices work on the principle of Coriolis acceleration and vibratory 
behavior of specific structural systems such as mass-spring, beams, and rings. There are 
many sources of nonlinearities in MEMS, which are due to force, damping, and stiffness. 
The nonlinearity is often brought to the system via external coordinate-dependent nonlinear 
force as well as mode function. The nonlinearities that can be introduced via electrostatic 
force and nonlinear mode function in the MEMS ring-based structure opens a new research 
area, namely nonlinear ring model subjected to a nonlinear actuator. 
Several studies on the nonlinear and linear dynamic behavior of rotating rings have been 
undertaken recently. Evensen (1964, 1966) performed one of the early studies on nonlinear 
vibration of rings considering only the in-plane vibrations of a thin circular ring and derived 
nonlinear equations of motion. Later, detailed studies on nonlinear flexural vibrations of 
rings consider two vibration modes and employ Galerkin’s method. The in-plane vibration 
behavior of rotating rings and the effect of rotation and elastic foundation on the natural 
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frequencies and mode shapes have been investigated by Soedel (1981) and Huang & Soedel 
(1987). Coriolis forces induced in the ring gyro during the rotation of the ring cause the 
exciting ring to shift vibration into the next resonance mode (Eley et al., 2000). Also,  
studies on extensional and shear deformation and inertia effects on natural frequency 
variations have been performed  (Bickford & Reddy, 1985). The plane wave motion to 
solve the fixed deflection, natural frequency splitting, and mode contamination of the 
rotationally ring-shaped periodic structures has been analytically examined (Zhang et al., 
2014). Asokanthan and Cho (2006) and Cho (2009) developed mathematical models for 
rotating ring-based angular rate sensors to investigate linear, nonlinear dynamic behavior 
and dynamic stability of angular rate sensors subjected to external excitation. However, the 
linearized equations of motion have been derived by ignoring the nonlinear terms, which 
have been then used to investigate the stability behavior. Recently, the dynamic stability 
behavior of ring-based gyroscopes under external stochastic angular rate fluctuations 
considering stochastic differential equations together with higher-order numerical schemes 
have been employed (Asokanthan et al., 2017). It may be noted that this research was also 
based on a linear model. Dynamic response behavior of rotating thin circular rings for use 
in vibratory angular rate sensors was investigated by Gebrel et al. (2018) via numerical 
simulations by employing the linearized model considering the second mode. In the same 
study, they developed a suitable theoretical model to generate nonlinear electromagnetic 
forces used to excite the ring from two positions to obtain improved device sensitivity. The 
nonlinear dynamic response of a rotating ring that forms an essential element in macro ring-
based vibratory gyroscopes that utilize oscillatory nonlinear electromagnetic forces has 
been investigated (Gebrel et al., 2021). This study examined the nonlinear dynamic 
response in the driving and the sensing directions via time response, phase diagram, and 
Poincare’s map when the input angular motion and the nonlinear electromagnetic forces 
are considered to act simultaneously. It is concluded that the device exhibits high 
nonlinearity in the nonlinear term in the model, which may be attributed to high vibration 
amplitudes. In another study, the dynamic behavior of rotating MEMS-based vibratory 
gyroscopes via numerical simulations by considering the linearized model subjected to a 
nonlinear actuator is performed (Gebrel et al., 2020).  
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Yoon et al. (2011) presented a detailed model for possible vibration effects on MEMS 
degenerate gyroscopes represented by vibratory ring gyroscope. A novel low-cost 
piezoelectric ring vibrating gyroscope based on the side driving piezo electrodes has been 
designed, simulated, and characterized (Zhou et al., 2016). In their study, the piezoelectric 
ring vibrating gyroscope was actuated and sensed by piezo electrodes located on the 
sidewall of the resonating structure. The nonlinear structural behavior of a size-dependent 
MEMS gyroscope assuming a non-trivial shaped proof mass has been studied (Ouakad, 
2020). A novel compound fast fractional integral sliding mode control and adaptive PI 
control (APIFFOISMC) of a MEMS gyroscope is proposed (Rahmani & Rahman, 2019) to 
represent external disturbances. Napoli et al. (2018) investigated frequency splitting in 
MEMS ring-based Coriolis vibrating gyroscope caused by support nonlinearity. A recent 
study investigated the dynamic response and frequency split behavior of a cylindrical fused 
silica resonator via simulations and experiments (Luo et al., 2020). The structure for the 
cylindrical resonators with appropriate dimensions has been designed and fabricated. A 
laser Doppler vibrometer has been utilized for the experimental quantification of the 
physical characteristics of the resonator. In a previous study, they performed an 
investigation of the dynamic stability of cylindrical fused silica resonators subjected to 
random angular rate perturbation (Luo et al., 2019). Their study has been concerned with 
an experimentally fabricated resonator that resembles dimensions of resonators used in 
commercially available gyroscopes. In this study, the results have indicated a suitable drive 
frequency scheme for increased resonator stability. Also, from the model-based 
predictions, the effect of environmental noise on the dynamic behavior of the resonator has 
been examined. Besides, studies (Luo et al., 2020) and (Luo et al., 2019) have focussed on 
utilizing the model based predictions of response as well as stability in modifying the 
manufacturing processes. In this case, minimization of adverse effects of frequency-split 
behaviour employing a chemical etching process was successfully implemented. The 
mechanical behavior of initially curved microplates under electrostatic actuation has been 
investigated (Saghir & Younis, 2018). They derived a dynamic analogy of the von Kármán 
governing equation for such plates. Theoretical and experimental works that investigate the 
linear and nonlinear dynamics of MEMS/NEMS and their exploitation for various 
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applications have been investigated in detail (Batra et al., 2007; Caruntu & Martinez, 2014; 
Hajjaj et al., 2020; Ilyas et al., 2019; Lifshitz & Cross, 2008).  
Further, another important research has been performed on nonlinear microsystems, such 
as reduced-order modelling and gyroscopes (Dorwarth et al., 2014; Hu et al., 2018; Parent 
et al., 2015; Ruzziconi et al., 2014). The dynamic integrity of various electrostatic MEMS 
actuators has been developed and utilized in various applications  (Chuang et al., 2010; 
Gallacher et al., 2006; Gorthi et al., 2006; Rasekh & Khadem, 2013). Significant research 
of physical phenomena was investigated for various examples at the MEMS/NEMS scale 
considering different physical parameters, such as internal resonances (Mahboob et al., 
2016), bifurcations (Asokanthan & Wang, 2008; Buono et al., 2015; Han et al., 2019; 
Karabalin et al., 2009), and chaos (Passaro et al., 2017). Saghir et al. (2016) reported the 
currently more diffused gyroscope technologies. The considered gyroscopes include 
mechanical gyroscopes and optical gyroscopes at the Macro/MEMS scales.  
To the best of the author's knowledge, it appears that no study has been performed on 
understanding the dynamic behavior of ring-type MEMS and macro gyroscopes employing 
a nonlinear-coupled model considering electrostatic as well as electromagnetic forces. 
Also, for this class of devices, there is a need for gaining an understanding of the jump 
phenomena, which is considered one of the characteristics of nonlinear systems. This 
behavior observed in the experimental work on the lab-scale models needs to be 
investigated further, particularly when other representative structural systems such as the 
ring systems proposed in the present study are employed.  
The linear and nonlinear dynamic behavior of rotating thin circular rings for use in 
vibratory angular rate sensors has been investigated via numerical simulations in the 
present research. A mathematical model representing the dynamic behavior of ring-type 
vibratory angular rate sensors is derived based on a rotating ring, assuming that the ring is 
completely symmetric.  
For investigating the dynamic response behavior of a ring-type vibratory angular rate, the 
equations of motion are simplified by ignoring the extensional vibrations since the second 
resonant flexural mode is excited in this class of applications. The natural frequency 
14 
 
variations are characterized theoretically and experimentally when the ring is subjected to 
an angular input rate. Suitable electrostatic and electromagnetic actuator models have been 
developed to examine the dynamic response in the macro/MEMS scale. Results have been 
presented in time and frequency response when the gyroscope is subjected to input angular 
rate. Time response, phase diagram, and Poincare’ map when the system undergoes 
nonlinear electrostatic and electromagnetic force actuation, are analysed to examine the 
system behaviour. 
 
1.4.2 Bi-stable and monostable energy harvesting systems 
The second part of this research concerns linear and nonlinear dynamic response analysis 
of novel ring-based MEMS/Macro energy harvesting systems. For analysis purposes, a 
vibrating ring system has been represented as a two degree of freedom system subjected to 
externally imposed nonlinear magnetic and electrostatic force fields. Novel ring-based 
monostable, as well as bi-stable broadband energy harvesters, have been designed and 
analyzed. The bi-stable behavior present in nonlinear dynamic systems has been proven to 
be helpful in the design of vibration-based harvesting systems and has received significant 
attention in the field of vibratory energy harvesting systems. Nonlinear magnetic and 
electrostatic forces are generally employed to bring the desired nonlinear behavior. Such 
systems are known to exhibit either a monostable or a bi-stable dynamic behavior. 
Broadband energy harvesting via multi-stable ring systems is entirely new to the literature. 
It is envisaged that the sensitivity of the ring's second flexural mode can be exploited to 
create this new class of harvesters. The exploitation of nonlinearities present in the system 
and the form of external nonlinear magnetic forces to demonstrate the efficacy of a ring-
based bi-stable energy harvesting system is one of the main focuses of the present study. 
The performance of this class of harvesters has been demonstrated via numerical 
simulations considering the in-plane vibratory motion of the ring structure. Models using 
various configurations for the magnets have also been examined.  
The bi-stable behavior utilizing the sensitive second mode of a ring structure can be realized 
in practice to improve device efficiency.  It is envisaged that the numerical response 
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predictions based on more comprehensive nonlinear models will provide meaningful 
insight into the performance and feasibility of future designs of this class of devices. In the 
recent past, standard transduction techniques based on electrostatic (Erturk & Inman, 2011; 
Lo & Tai, 2008; Suzuki et al., 2010), piezoelectric (Beeby et al., 2007; Kim et al., 2018; 
H. Liu et al., 2012), or electromagnetic (Daqaq et al., 2014; Kulkarni et al., 2008; Morais 
et al., 2011; Roundy & Takahashi, 2013; Sardini & Serpelloni, 2011) forces have been 
demonstrated for the conversion of vibratory energy to the electrical counterpart. The 
behavior of monostable and bi-stable type nonlinear vibratory energy harvester has been 
the primary focus of the above studies. Besides, the role of nonlinearities has been 
highlighted in the transduction of energy harvesters under different types of excitations and 
demonstrated the conditions, in terms of excitation and potential well shape, under which 
such nonlinearities can be beneficial for energy harvesting. 
A monostable energy harvester tube structure that utilizes magnetic force is proposed by 
Mann and Sims (2009). This study demonstrated, theoretically and experimentally, that the 
nonlinear phenomena may be exploited to extract energy in a wide frequency range. 
Further, Mann and Owens (2010) investigated the nonlinear behavior of a bistable energy 
harvester considering a series of magnets that are positioned to design a bi-stable tube 
system for extending the frequency range via a potential well and provided both theoretical, 
experimental validations. In addition, a single degree of freedom oscillator that results from 
a cylindrical tube vibration energy harvester has been studied (Liu et al., 2018). Theoretical 
and experimental investigations of the stochastic and periodic excitation of a bi-stable beam 
structure harvester have been performed (Zheng et al., 2014) and (Ramlan et al., 2010). 
Periodic excitation is shown to be more valuable than stochastic excitation for increasing 
the output bandwidth. Masana and Daqaq (2011) considered clamped-clamped flexible 
beam-based structures and investigated the influence of the potential shape and the 
excitation level on the performance of monostable and bi-stable harvesters. The monostable 
harvester has been shown to outperform the bi-stable harvester with a deeper potential 
shape when the harvester is subjected to a small amplitude base acceleration. In contrast, 
the bi-stable harvester performed better under high amplitude excitation. Improvement via 
injection of a hard high-frequency non-resonant excitation and activation of inter-well 
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dynamics at a lower amplitude of a slow excitation have been demonstrated in the studies 
(Abusoua & Daqaq, 2018a) and (Abusoua & Daqaq, 2018b). In an effort to improve 
broadband energy harvesting performance, a linear piezoelectric harvester connected by 
linear springs on a beam structure has been studied (Zhou et al., 2018). Besides, an 
experimental study employing novel materials such as the porous piezoelectric ceramics 
while providing excitation of the beam in a range of frequencies close to the first and second 
modal frequencies has been performed (Martínez-Ayuso et al., 2018).  Zhou and Zuo 
(2018) investigated the possibility of using asymmetric tri-stable beam-based energy 
harvesters for achieving enhanced power output. A theoretical framework to analyze the 
dynamic responses and energy harvesting performance of a vibratory tri-stable energy 
harvester with an RL resonant circuit has been presented ( Huang et al., 2019). In this study, 
the approximate analytical solutions for the steady-state displacement and output voltage 
are derived based on the method of multiple scales. Yan et al. (2019) proposed a novel bi-
state nonlinear vibration isolator (BS-NVI) which consists of a linear mass-spring and a 
nonlinear magnetic element. The results demonstrated that the monostable isolator behaves 
somewhat like a quasi-zero stiffness isolator. Furthermore, the bi-stable behavior due to the 
change in the excitation amplitude and frequency is shown via the periodic and chaotic 
motions. 
Further, the nonlinear dynamics of a bi-stable composite plate have been investigated 
experimentally (Emam et al., 2019). The natural frequencies and damping have been 
experimentally identified. The results showed that the response starts as a period-one 
motion before it experiences a period-doubling bifurcation cascade. The studies on both 
monostable and bi-stable harvesting systems performed thus far have been based on beam 
and tube structures. However, a ring structure-based harvester may be more promising due 
to inherent advantages such as high mode sensitivity and minimal sensitivity to temperature 
fluctuation compared with other structures. To the best of the authors’ knowledge, it appears 
from the above literature that no study has been performed on employing a bi-stable and 




Understanding the non-linear vibrational characteristics of a ring structure is considered 
essential for designing ring-based harvesting devices. Gebrel et al. (2019) presented the 
first study of a new class of ring harvester utilizing a novel ring-based mono-stable energy 
harvesting device considering the linearized system subjected to ambient and nonlinear 
magnetic forces. In this study, the system's natural frequency of the ring harvester has been 
computed mathematically and experimentally. Besides, the system's potential energy has 
been investigated to ensure that monostable behavior is exhibited in this model. Restoring 
force which is the derivative of the potential energy concerning the displacement is also 
examined to identify the hardening behavior of the system. The dynamic response behavior 
of the phase diagram and bifurcation map are investigated via numerical simulations to 
examine the efficacy of this class of harvesters. Further, the first study of a new type of ring 
harvester utilizing a novel ring-based bi-stable energy harvesting device has been presented 
by Gebrel and Asokanthan (2022). In this study, a model incorporating nonlinear magnetic 
forces at four equally spaced angular positions has adequately brought out the bi-stable 
behavior. 
In order to build the proposed ring-based energy harvester, nonlinear magnetic forces and 
non-linear mode functions are employed to generate an appropriate nonlinear system that 
exhibits bi-stable behavior. In the present research, the frequency sweep responses of the 
displacement, current, and power have been performed for investigating the frequency 
range. The phase diagram, Poincare’s map, and bifurcation map are generated and analyzed 
under harmonic excitation, representing ambient energy sources and a nonlinear magnetic 
force. It is also worth noting that the ring configuration proposed in the present study will 
allow the placement of multiple magnets to provide external excitation. This is certainly 
advantageous since a corresponding beam structure has limited availability of positions for 
the placement of magnets. Hence, the proposed ring harvester can also benefit from 






1.5 Research objectives 
In the proposed research, the first section deals with nonlinear in-plane vibration of rotating 
thin circular rings employed in MEMS and macro gyroscopes by utilizing nonlinear 
electrostatic and electromagnetic forces. The second part concerns novel ring-based 
monostable and bi-stable energy harvesters in MEMS and macro scales subjected to 
electrostatic and nonlinear magnetic forces. The main objectives of this thesis have been 
identified as follows: 
• Develop comprehensive mathematical models of MEMS/macro gyroscopes to 
investigate the nonlinear and linear dynamic response behavior. Also, develop 
representative nonlinear electrostatic and electromagnetic and electrostatic force 
models to understand the dynamic behavior of nonlinear systems under such 
excitations.  
• Investigate the influence of angular input rate and nonlinear parameter effects on 
the MEMS/ macro ring gyroscopes in the presence of nonlinear electrostatic and 
electromagnetic forces to provide valuable insights for the design of vibratory 
angular rate sensors.  
• Design and study the nonlinear dynamic analysis of a novel macro and MEMS ring-
based bi-stable and monostable energy harvesting systems considering 
comprehensive nonlinear models. Also, develop comprehensive magnetic and 
electrostatic force models to be used in the dynamic analysis in conjunction with 
the system model. The physical realization of the nonlinear energy harvester must 
provide a practical way of increasing the range of operation of the harvester to 
increase efficiency with close to zero energy cost. 
• Investigate the efficiency of ring energy harvesting systems, in the narrow and 
broad band frequency range by examining potential energy, bifurcation behavior, 
together with the effects of imposed ambient harmonic excitation to realize a 
practically viable broadband energy harvester. 
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• Develop numerical schemes and MATLAB codes that predict the dynamic behavior 
employing the developed mathematical models. This numerical scheme aids in the 
design of the proposed novel bi-stable/monostable ring harvesters as well as 
MEMS/macro ring gyroscopes. 
 
1.6 Thesis outline 
This dissertation is divided into nine chapters and is organized in the following way: 
Chapter 1 introduces an overview of MEMS and macro technologies for ring gyroscope 
and ring harvester and then provides a review of pertinent literature, primarily focussing on 
the dynamic modeling and analysis. It also outlines the objectives of the thesis. 
Chapter 2 provides the derivation of comprehensive mathematical models that represent 
the nonlinear and linear dynamic behavior of rotating thin circular rings employed for ring-
based vibratory angular rate sensors. It is shown that the governing equations of motion of 
ring structure can be reduced to coupled nonlinear ordinary differential equations via 
Galerkin's method. Also, appropriate nonlinear electrostatic as well as electromagnetic 
force models that represent the actuation forces employed for the ring-based gyroscopes 
are presented. 
Chapter 3 formulates the derivation of comprehensive mathematical models for the 
proposed nonlinear and linear harvester system as well as the nonlinear magnetic force that 
acts on the macro ring structure. Description of design and analysis of a novel nonlinear 
magnetic force for macro ring-based bi-stable/monostable harvester models is provided. 
The discretized form of the governing equations represents a Duffing type oscillator in the 
presence of external magnetic forces. The corresponding actuator models to be used as part 
of a MEMS ring-based energy harvesting system are also developed considering nonlinear 
electrostatic forces.  
Chapter 4 gives a summary of nonlinear and linear response predictions and computational 
schemes, and also introduces various simulation models used in the present thesis. Also, a 
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flow-chart that gives a summary of all models used for the simulation is provided together 
with reference to the equations used in the simulation process. 
Chapter 5 provides an account of the numerical simulations for the MEMS-scale ring-type 
gyroscopes employing the models developed in Chapter 2 to study the nonlinear and linear 
dynamic behavior. Time response analysis with and without input angular motion of the 
system, which is subjected to an external nonlinear actuator, is examined via numerical 
solution. For the system parameters used in the present study, the system natural frequency 
associated with the second flexural mode has been computed numerically. The effect of 
nonlinearities arising from both system and actuator nonlinearities have been studied in 
detail and are presented.  
Chapter 6 describes the corresponding results for a gyroscope in the macro-scale.  This 
gyroscope represents an experimental model that is available in the laboratory. Hence these 
simulation results are meaningful in performing comparisons to the experimental 
observations. The natural frequency variation has been computed numerically and 
experimentally to gain confidence in the mathematical model. 
Chapter 7 provides the dynamic response analysis of novel monostable macro ring-based 
vibratory energy harvester. It aims to give an understanding of the underlying mechanics 
of a macro ring-based monostable harvester with the ultimate intent of further 
understanding the effects of nonlinear magnetic and ambient forces that act on a ring-based 
harvester. The potential energy and restoring force have been examined to ensure that the 
proposed model's monostable behavior exists.  
Chapter 8 describes the nonlinear dynamic response behavior of a macro ring-based bi-
stable harvester. The dynamic behavior of ring harvester employing the second flexural 
mode with a nonlinear magnetic force in the presence of harmonic ambient excitation is 
examined using equations that govern the in-plane flexural motion of a resonating ring-
structure based harvester. A novel model incorporating nonlinear magnetic forces at four 
equally spaced angular positions has adequately brought out the bi-stable behavior. Results 
are presented using nonlinear response indicators as used in chapter 8 but giving importance 
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to the system non-linearities.  In addition, a preliminary investigation on the dynamic 
analysis extending the analysis to the design of harvesters in the MEMS scale is provided. 
A suitable design of this class of devices is also discussed. 
Chapter 9 gives a summary of the thesis and highlights the contributions of the candidate’s 


























In this chapter, a comprehensive mathematical model that represents the nonlinear and 
linear dynamic behavior of MEMS/macro ring-type vibratory angular rate sensors is 
derived. In the present model, the transverse shear deformation effect is ignored by the thin 
ring assumption. The equations of motion are derived using Hamilton’s principle (Cho, 
2009), and they represent the transverse and circumferential motion of the ring. The effect 
of the elastic support for the ring is included, and simplified equations of motion are 
obtained by assuming that the circumferential strain in the mid-surface is zero. The 
equations of motion are expressed in terms of suitable generalized coordinates by applying 
Galerkin's procedure. In order to adequately represent the dynamic response behavior of a 
ring-type vibratory angular rate sensor, the nonlinear equations of motion have been 
simplified by ignoring the extensional vibration since a particular resonant flexural mode 
is excited in this class applications.  
 
2.2 Model Description 
The ring used for the present study is assumed to be of uniform rectangular cross-section 
and to possess isotropic, homogeneous material properties. Figure 2.1 illustrates the 
geometry and parameters used in the present study. The ring is considered to be supported 
internally with eight springs with the stiffness components 𝑘𝑟 and 𝑘𝜃, which represent the 
radial, and circumferential components, respectively, while 𝑢𝑟  and 𝑢𝜃 represent the 
transverse and circumferential displacements, respectively. A body-fixed frame 𝑋, 𝑌, 𝑍 has 
been used for describing the angular motion of the ring. The mean radius of the ring denoted 
by 𝑟,  𝑏 is axial thickness of ring, ℎ represents radial thickness, and Ω is input angular rate. 
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This arrangement is typical in the design of an angular rate sensor that uses a ring-type 
structural element. It may be noted the same structure is used in the second part of this 
research which concerns with a novel ring-type harvester considering the absence of input 















2.3 Nonlinear and linear equations of motion for a MEMS ring 
gyroscope under electrostatic actuator 
In the present research, the nonlinear governing equations of flexural motion of vibrating 
thin circular rings are developed to investigate the nonlinear dynamic behavior of ring-type 
MEMS gyroscopes. Also, simplified nonlinear equations of motion are obtained by 
assuming the circumferential strain in the mid-surface is zero. The geometric nonlinearities 
have been considered due to the large deformation of the ring. Besides, Euler-Bernoulli 
assumption so that the plane sections remain plane after deformation and normal to the 
neutral surfaces. The transverse shear deformation effect is ignored as presented in the 
study  (Asokanthan & Cho, 2006) are adopted in this model.  Galerkin’s procedure has been 
used to discretize the nonlinear equations for numerical response predictions. The viscous 
damping of the MEMS/macro ring gyroscope has been added in the final approximated 
equations of motion. 
The general equations of motion that govern the transverse and circumferential motions 
can be derived via Hamilton’s principle. For this purpose, expressions for various energy 
terms are developed. The rotating ring's kinetic energy is generated from the ring's 
translational and rotational rigid body motion. From the deformation of the ring, the strain 
energy is formulated. The energy generated from the support springs and loads is included, 
and only in-plane flexural vibrations of the ring that is interest to the device operation are 
considered. Equation of motion for the system under external oscillatory nonlinear 
electrostatic force, with the linear in-extensional condition in the radial direction, takes the 
form 
 











′′) + 𝑘𝑟𝑢𝑟 





where the time derivatives are indicated by ( )̇, while the spatial derivatives are indicated 
by ( )′. An oscillatory external nonlinear electrostatic force of magnitude  𝑓𝑁𝑒𝑠 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) 
and of frequency 𝜔 is considered. This force plays an essential part in the device operation 
for exciting the structure at a particular resonant mode. In Eq. (2.1), 𝐸 is the Young’s 
modulus, 𝐼 denotes area moment of inertia for ring cross-section, 𝜌 represents mass 
density, 𝐸𝐼 represents flexural rigidity, 𝐴 is the cross-sectional area of the ring, 𝑏 denotes 
the axial thickness of the ring, ℎ represents radial thickness, 𝑟 is the mean radius of the ring 
while input angular rate and angular acceleration, respectively, are denoted by Ω and Ω̇. 
The area moment of inertia of the ring cross-section about its neutral axis is expressed as 
𝐼 = 𝑏ℎ3 12⁄ . The partial differential Eq. (2.1) is reduced to nonlinear ordinary differential 
equations by assuming nonlinear mode shapes for the ring second flexural modes via 
Galerkin’s procedure. Due to the periodic nature of solutions and choice of deflection 
modes, the most general radial and circumferential (extensional) displacements compatible 
with the continuity requirements can be formulated as follows (Evensen, 1966): 


















𝐴𝑛𝐵𝑛 cos(2𝑛𝜃) ,         
(2.3) 
 
where 𝐴𝑛 and 𝐵𝑛 denote time-dependent generalized coordinates in the primary and the 
secondary directions, respectively, while 𝑛 denotes the number of modes. The parameter 





 represents the measure of system nonlinearity. It may be noted that by 
setting this parameter to zero, the corresponding linear equations may be obtained. As seen 
from Eqs. (2.2) and (2.3) this parameter influences the homogenous and the non-
homogenous parts of Eq. (2.1). Hence, this characteristic that results from the in-
extensionality of the middle surface is termed system nonlinearity. Evensen (1964,1966) 
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has performed a detailed investigation of the dynamics of this class of structures. Each 𝐴𝑛 
and 𝐵𝑛 can, in turn, be expanded as a Fourier series in time; thus, it is possible to represent 
virtually any radial or circumferential deflection of interest here in the Eqs. (2.2) and (2.3). 
The functions cos 𝑛𝜃 and sin 𝑛𝜃 associated with nonlinear parameter 𝛾 are the vibration 
modes that incorporate the ring's geometric nonlinearities, and since only the flexural 
motions are of interest to the present research, Eqs. (2.2) and (2.3) are restricted to 𝑛 = 2.  
In order to apply Galerkin’s procedure, Eqs. (2.2) and (2.3) are substituted for 𝑢𝑟 in Eq. 
(2.1) and the resulting expression is then multiplied by a weighting function associated with 
𝐴𝑛 and integrated with respect to 𝜃 from 0 to 2𝜋. This procedure yields an ordinary 
differential equation involving primarily 𝐴𝑛. When an equation for 𝐵𝑛 is obtained in a 
similar fashion, both equations are seen to be coupled via the nonlinear terms. The 
derivatives of  𝑢𝑟 and 𝑢𝜃 with respect to time 𝑡 and spatial co-ordinate 𝜃 that are required 
in Eq. (2.1) have been obtained as follows: 
𝑢𝑟
′′′′ = 𝑛4𝐴𝑛 cos(𝑛𝜃) + 𝑛
4𝐵𝑛 sin(𝑛𝜃) , (2.4) 





2 + 𝐴𝑛?̈?𝑛 + ?̇?𝑛
2 + 𝐵𝑛?̈?𝑛] , 
 (2.5) 
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𝐴𝑛𝐵𝑛 sin(2𝑛𝜃)  . 
 (2.7) 















𝐵𝑛 + sin(𝑛𝜃)  , (2.9) 
to obtain the equations of motion in the co-ordinates  𝐴𝑛 and 𝐵𝑛 , respectively. 
By substituting Eqs. (2.2) through (2.7) in Eq. (2.1) and multiplying the resulting 
expression by the weighting functions (2.8) and (2.9) associated with 𝐴𝑛 and 𝐵𝑛, 



































𝐴𝑛𝐵𝑛 sin(2𝑛𝜃) − 𝑛
4𝐴𝑛 cos(𝑛𝜃) − 𝑛
4𝐵𝑛 sin(𝑛𝜃)} 









+ 𝑛2𝐴𝑛 cos(𝑛𝜃) − 𝑛
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[?̇?𝑛𝐵𝑛 + 𝐴𝑛?̇?𝑛] cos(2𝑛𝜃)]}} {−
𝑛𝛾
2𝑟
𝐴𝑛 + cos(𝑛𝜃)} 𝑑𝜃 = 












while the second equation, which represents the secondary coordinate 𝐵𝑛  multiplied by 


































𝐴𝑛𝐵𝑛 sin(2𝑛𝜃) − 𝑛
4𝐴𝑛 cos(𝑛𝜃) − 𝑛
4𝐵𝑛 sin(𝑛𝜃)} 
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𝑛𝛾
2𝑟
𝐴𝑛 + sin(𝑛𝜃)} 𝑑𝜃 = 








𝐵𝑛 + sin(𝑛𝜃)} 𝑑𝜃 . (2.11) 
 
As shown in Appendix A, the integral formulae have been used to obtain simplified forms 
of Eqs. (2.10) and (2.11). Considering that the ring rotates about the 𝑍- axis with an input 
angular rate, Ω, the discretized equations of motion that govern nonlinear linear dynamic 
behavior employing the second mode with suitable nonlinear electrostatic forces are 
derived using Eqs. (2.1) through (2.11) 
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=  𝑓𝑁𝑒𝑠1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖)𝑐𝑜𝑠(𝜔𝑡)  , (2.12) 
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As defined earlier, in Eqs. (2.12) and (2.13), 𝐴𝑛 is considered to represent the primary 
excitation or the driving coordinate for the ring while 𝐵𝑛 may be considered as the sensing 
coordinate. It is also evident from Eqs. (2.12) and (2.13) that 𝐵𝑛  will be influenced by the 
primary coordinate 𝐴𝑛 owing to the coupling between the two equations via the coordinates 
and the input angular rate Ω. Also, to represent dissipation in the system, viscous damping 
of the ring harvester is introduced in the final discretized equations of motion as 
proportional damping. It is included via a modal damping ratio 𝜁 as shown where 𝜔0 
represents the system’s natural frequency. 
It may be observed from Eqs. (2.12) and (2.13) that the nonlinearity in the model appears 
in the inertia and stiffness terms that are related via the parameter 𝛾. In this research, as 
mentioned earlier, only the second flexural modes are considered; hence, the number of 
nodal diameters (or mode number) 𝑛 in the equations of motion is taken to be 2. Also, a 
nonlinear electrostatic force 𝑓𝑁𝑒𝑠1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) is considered to provide external sinusoidal 
excitation, which is essential for the gyroscope operation, where 𝜔 is the excitation 
frequency. The positions of electrodes that provide this force correspond to orientations  𝜃𝑖 
, 𝑖 = 1,2,3,4. 
Figure 2.2 illustrates the second flexural mode shapes that possess identical natural 
frequencies for the ring. These modes are referred to as degenerate mode shapes separated 
by 45 degrees. In vibratory angular rate sensor applications, one of the second flexural 
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modes is excited since it provides the most considerable angular shift due to external rate 
input. Hence, the second flexural modes are chosen for investigating the dynamic response 
of the rotating ring. In the absence of input angular rate, initially, the ring is excited in the 
primary mode, and there is no motion in the secondary mode. However, when an input 
angular rate is given while the ring is excited in the primary mode, the Coriolis Effect 
excites the secondary mode due to the energy transfer between the two modes. This 
characteristic is exploited in vibratory ring gyro for providing measurements of the angular 
rotational velocity of a body. 
 
2.3.1 Development of nonlinear electrostatic force model for 
MEMS ring-based gyroscope 
 
Electrostatic transduction is the most common actuation and sensing method in MEMS 
because of its simplicity and high efficiency. A ring-based MEMS gyroscope device using 
electrostatic forces to generate appropriate nonlinear force is considered in the present 
study. A suitable mathematical model that represents this force is developed. The physical 
realization of this nonlinear system must provide a practical way of increasing the device 
sensitivity. In this study, the combined action of the electrostatic force and the elastic force 
 






could cause severe nonlinearity or instability problems. As the distance between 
mechanical parts and the dimensions of the mechanical structures is quite close, the 
electrostatic force's fringe effects may be considered in future studies to obtain the best 
results. In order to represent the oscillatory nonlinear electrostatic force that acts on the 
ring-type MEMS structure, an appropriate analysis of a theoretical model formulation is 
employed. The electrostatic force per unit area of the ring is represented by 𝑓𝑁𝑒𝑠 in the 
driving and sensing coordinates, and can be shown to take the following form (Bao, 2005; 








 . (2.14) 
 
The parameter 𝜀0 = 8.854 × 10
−12 𝐹 𝑚⁄  represents the permittivity of a vacuum of the 
medium between electrodes and surface of the ring, 𝑉 represents the voltage applied 
between the electrode and the ring, 𝑎 is the overlapping area of the electrodes,  𝑑 denotes 
the distance between electrode and ring, and 𝑢𝑟 denotes transverse displacement of the ring 
element. Figure 2.3 illustrates a vibratory ring gyroscope conceptual view consisting of a 
ring structure, second flexural mode, and locations of the electrostatic actuators that are 
employed for exiting the structure. The expression as given in Eq. (2.14) may be extended 
to handle multiple electrodes that may be arranged around the periphery of the ring, as 
shown. 
 
In this study, the expression for the nonlinear electrostatic force system that affects the ring 
from four angular positions when 𝑖 = 1,2,3,4 is derived. In order to represent the oscillatory 
electrostatic force that acts on the ring structure, a suitable theoretical formulation is 
employed. The expressions for nonlinear electrostatic forces are derived in the primary co-
ordinate 𝐴𝑛 and secondary co-ordinate 𝐵𝑛. In this case, the expressions for nonlinear 
electrostatic forces which affect the system from four positions  𝑖 = 1,2,3,4 are derived by 










𝐴𝑛) ∗  [
𝜀0𝑉
2𝑎






2 ] (2.15) 
 
and in the secondary co-ordinate 𝐵𝑛 as  
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𝜀0𝑉
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2 ], (2.16) 
 
where 𝜃𝑖 represents the position of electrodes on the system. The nonlinear electrostatic 
force components presented in Eqs. (2.15) and (2.16) form the basis of the dynamics of the 
system. In the present research, conforming to the typical operation of a gyroscope, the 
only excitation in the primary coordinate Eq. (2.15) is considered and hence 𝑓𝑁𝑒𝑠2 = 0. 
 
 






2.3.2 Linear equations of motion for a MEMS ring gyroscope 
under electrostatic actuation 
In this section, the partial differential in Eq. (2.1) is reduced to linear ordinary differential 
equations for the ring second flexural modes via Galerkin’s procedure by assuming linear 
mode shapes and the weighting functions described in the absence of nonlinear parameter 
(i.e., 𝛾 = 0) in Eqs. (2.2), (2.3), (2.8) and (2.9). Considering that the ring rotates about the 
𝑍- axis with an input angular rate, Ω, the discretized equations of motion that govern linear 
dynamic behavior employing the second mode with nonlinear electrostatic forces are 
derived employing Eqs. (2.1) through (2.16) when the nonlinear parameter 𝛾 = 0  as 
𝜌ℎ𝜋𝐴?̈? + 2𝜁𝜔0?̇?n + [
𝐸𝐼
𝑏𝑟4







?̇?n =  𝑓𝑒𝑠1 (𝐴n, 𝐵n, 𝜃𝑖)𝑐𝑜𝑠(𝜔𝑡) 
(2.17) 
𝜌ℎ𝜋𝐵?̈? + 2𝜁𝜔0?̇?n + [
𝐸𝐼
𝑏𝑟4







?̇?n = 0, 
(2.18) 
where the electrostatic force 𝑓𝑒𝑠1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) , in the absence of a nonlinear parameter 𝛾 , 
is considered to provide external sinusoidal excitation essential for the gyroscope operation, 
and 𝜔 is the excitation frequency. The positions of electrodes on the system correspond to 
𝜃𝑖 , 𝑖 = 1,2,3,4. In this study, employing Eqs. (2.2) and (2.16), in the absence of nonlinear 
parameter 𝛾  in the model as well as in the external force, the expressions for electrostatic 
forces are derived in the primary co-ordinate 𝐴𝑛 as 
𝑓𝑒𝑠1 = ∑ (cos(𝑛𝜃𝑖)
4




2 ] , (2.19) 
and in the second coordinate  𝐵𝑛  as 
𝑓𝑒𝑠2 = ∑ (sin(𝑛𝜃𝑖)
4








It may be noted that only the electrostatic force  𝑓𝑒𝑠1 (𝐴n, 𝐵n, 𝜃𝑖) is considered as a primary 
excitation in the present study, and the electrostatic force in the second coordinate 𝐵𝑛 
namely, 𝑓𝑒𝑠2 (𝐴n, 𝐵n, 𝜃𝑖) is considered to be zero as before. 
 
2.4 Nonlinear and linear equations of motion for a macro ring 
gyroscope under nonlinear electromagnetic actuators 
In this section, nonlinear equations that govern the in-plane motion of rotating thin circular 
rings in the macro-scale are developed for investigating the dynamic behavior of a 
gyroscope that is designed in the macro-scale.  This model conforms to the experimental 
system that is available in the laboratory for testing the device vibrational characteristics. 
For this purpose, the equations of motion have been modified to a suitable discrete 
formulation that can permit dynamic responses analysis via Galerkin’s procedure using 
systems described in Eqs. (2.12) and (2.13) developed for the MEMS ring gyroscope. 
However, in the present case, a nonlinear electromagnetic force that acts on the macro ring 
gyroscope is considered in place of the electrostatic actuation force considered for the 
MEMS counterpart. The discretized equations of motion that govern nonlinear dynamic 
behavior employing the second mode in the driving 𝐴𝑛 and sensing 𝐵𝑛 directions with 
suitable nonlinear electromagnetic forces as well as harmonic excitation are derived as 
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In order to represent the external actuator in the macro ring-based vibratory angular rate 
sensors, only nonlinear electromagnetic force  𝑓𝑁𝑒𝑚1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) is considered as external 
excitation. The derivation of nonlinear electromagnetic forces is explained in detail in 
section 2.4.1. It may be noted that the equations of motion turn into a linear model in the 
absence of nonlinear parameter 𝛾 = 0 in Eqs. (2.21) and (2.22). Also, action of 
electromagnetic actuators at two angular positions  𝜃𝑖 , 𝑖 = 1,2 are considered so the 
mathematical model conforms to the present Laboratory experiment. 
2.4.1 Development of suitable nonlinear electromagnetic 
forces for macro ring-based gyroscope model 
In this section, comprehensive models representing nonlinear and linear electromagnetic 
forces acting on macro ring gyroscope are developed.  Models using various configurations 
for the electromagnets have been examined such that an efficient ring gyro system utilizing 
the sensitive second mode of a ring structure can be realized in practice. In order to 
represent the oscillatory electromagnetic force that acts on the ring structure, a suitable 
theoretical formulation is employed. For the purposes of accounting for the interactions 
between the electromagnet (𝑒𝑚) and permanent magnets (𝑝𝑚), the potential energy and 
force expressions are derived from a dipole model employing the law of Biot and Savart 
(Vanderlinde, 2004). The salient features of the force characteristics are introduced via 
force expressions for two interacting magnetic dipoles for one side of the system, as shown 











where 𝜇0 = 4𝜋 × 10
−7 𝐻 𝑚⁄  denotes the magnetic permeability of free space, 𝐴 = 𝜋 𝑅 ̃2 
is the area of the loop, and  |𝑟𝑝𝑚−𝑒𝑚| = 𝑑 − 𝑢𝑟 is the distance between the electromagnet 
(𝑒𝑚) and permanent magnet (𝑝𝑚), as shown in Figure (2.4). The number of coil turns is 
denoted by 𝑁 while   𝑖,  𝑅 ̃respectively, represent the coil current and mean radius of the 
circular coil loop. The potential energy of the magnet (𝑝𝑚) in the field generated by the 
electromagnet (𝑒𝑚) is: 
𝑈𝑚 = 𝑝𝑚 ∗ 𝐵𝑝𝑚−𝑒𝑚   , (2.24) 
 
where  𝑝𝑚 = 𝑀𝑎𝑉𝑎, 𝑀𝑎  is the magnetization, and 𝑉𝑎 represents the volume of the source 
magnet. The expression for the interaction force between the electromagnet and permanent 
magnet has been obtained to get the nonlinear behavior by taking gradient of Eq. (2.24). 
As shown in Figure 2.4, if the distance between electromagnetic (𝑒𝑚) and the permanent 
magnet  𝑝𝑚 is designated as 𝑑, an expression for the total potential energy associated with 
electromagnetic (𝑒𝑚) and permanent magnet (𝑝𝑚) can be derived considering the flux 







]   . (2.25) 
 
An expression for the electromagnetic force between an electromagnet and permanent 
magnet 𝑝𝑚  can now be obtained by differentiating the potential energy with respect to 𝑟. 







]   . (2.26) 
 
The expression given in Eq. (2.26) may be extended to handle multiple electromagnets that 
may be arranged around the periphery of the ring. In particular, an arrangement with 
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magnetic dipole configurations separated by 180 degrees, as shown in Figure (2.4), is 
considered in the present study, and the corresponding expressions are developed. In order 
to apply Galerkin’s procedure, Eqs. (2.2) and (2.3) are substituted for 𝑢𝑟 in Eq. (2.1), and 
the resulting expression is then multiplied by the weighting functions given in Eqs. (2.8) 
and (2.9) associated with 𝐴𝑛 and integrated with 𝜃 from 0 to 2𝜋. The expressions for 
nonlinear electromagnetic forces that affect the system from two positions are derived in 
the driving coordinate 𝐴𝑛 as 
 𝑓𝑁𝑒𝑚1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) =
𝜇0
2𝜋














4]  , 
(2.27) 
and in the sensing coordinate 𝐵𝑛 as 
 𝑓𝑁𝑒𝑚2 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) =
𝜇0
2𝜋














4]  , 
(2.28) 
 
where 𝜃𝑖 represents the position of magnets on the macro ring system, namely, 𝑖 =1, 2. In 
Eqs. (2.27) and (2.28), consideration for the use of iron core has been included via a relative 
permeability constant 𝑘. In this study, only Eq. (2.27) is employed for studying the effect 
of nonlinear actuator dynamics utilizing the system of Eqs. (2.21) and (2.22) owing to the 





2.5 Natural frequency variation 
This section presents the natural frequency variation of a ring gyroscope when subjected to 
an input angular rate.  Due to the speed-dependent gyroscopic coupling and system 
stiffness, by ignoring the nonlinear terms in the absence of damping in Eqs. (2.17) and 
(2.18) expressions for the undamped natural frequencies can be obtained and shown to 
exhibit an input angular rate-dependent behavior. The corresponding undamped linear 
system equations  
𝜌ℎ𝜋𝐴?̈? − 2Ω?̇?n + [
𝐸𝐼
𝑏𝑟4
(𝑛2 − 1)𝑛2 + 𝜌ℎΩ2(𝑛2 − 2) + 𝑘𝑟] 𝜋𝐴n = 0 (2.29) 
𝜌ℎ𝜋𝐵?̈? + 2Ω?̇?n + [
𝐸𝐼
𝑏𝑟4
(𝑛2 − 1)𝑛2 + 𝜌ℎΩ2(𝑛2 − 2) + 𝑘𝑟] 𝜋𝐵n = 0 (2.30) 
are employed to evaluate the system’s natural frequencies. 
 
The corresponding natural frequencies, 𝜔𝑖 = 1,2, are obtained by assuming that Eqs. (2.29) 
and (2.30) have the following form of solutions: 
 






𝑗𝜔𝑡 and  𝐵n = 𝑄2𝑒
𝑗𝜔𝑡 . (2.31) 
Substituting Eq. (2.31) into Eqs. (2.29) and (2.30), the following matrix form of expression 
is obtained for the natural frequency evaluations: 
[
−𝜔2𝑚 + 𝑘 −𝑗𝜔𝜎




] = 𝟎  , (2.32) 
 
where 𝟎 represents a 2 × 1 zero vector. For the existence of non-trivial solutions for 𝑄1 
and 𝑄2, the following characteristic equation must hold: 
𝜔4𝑚2 − (2𝑚𝑘 + 𝜎2)𝜔2 + 𝑘2 = 0 , (2.33) 
 
where 𝑚 = 𝜌ℎ𝜋 , 𝑘 = [
𝐸𝐼
𝑏𝑟4
(𝑛2 − 1)𝜋𝑛2 + 𝜌ℎΩ2(𝑛2 − 2)𝜋 + 𝑘𝑟𝜋]  and 𝜎 = 2Ω .  It may 
be noted that this natural frequency variation with input angular rate as discussed in this 




Comprehensive nonlinear and linear models for studying the dynamic response behavior 
of MEMS and macro ring-type gyroscopes have been derived when the models are 
subjected to nonlinear electrostatic (MEMS) and electromagnetic (Macro scale) forces. The 
nonlinear parameter 𝛾, viscous damping, electrostatic actuation for MEMS scale, and 
electromagnetic force for macro scale are included in the final model. Natural frequencies 
and nonlinear as well as linear mode shapes have been evaluated. Galerkin’s method is 
employed to discretize the partial differential equation that governs the ring motion to get 
a set of ordinary differential equations to predict dynamic behavior. Responses predicted 
employing these models and shown in the forthcoming chapters are expected to aid 






DYNAMIC MODELS FOR A NOVEL RING BI-STABLE AND 




This chapter concerns the design of novel MEMS/macro bi-stable and monostable energy 
harvesting systems employing a ring structural configuration that offers a better alternative 
to the previously used beam and tube structural configurations. Dynamic models for both 
bistable and monostable ring-based MEMS/macro energy harvesting systems have been 
derived when the system is subjected to either magnetic or electrostatic forces. The 
configurations for suitable nonlinear magnetic forces in the case of a macro-scale system 
and electrostatic forces in the case of MEMS-based systems are designed, and suitable 
mathematical models are developed for analysis purposes.  
3.2 Development of dynamic models for ring-based 
macro/MEMS energy harvesting systems 
The bi-stable behavior present in nonlinear dynamic systems has been proven to be helpful 
in the design of vibration-based harvesting systems and has received significant attention 
in the field of vibratory energy harvesting systems. Nonlinear magnetic forces are generally 
employed to bring out the desired nonlinear behavior. Such systems are known to exhibit 
either a mono-stable or a bi-stable dynamic behavior. Broadband energy harvesting via 
multi-stable ring systems is entirely new to the literature. It is envisaged that the sensitivity 
of the ring's second flexural mode is exploited to create this new class of harvesters. The 
exploitation of inherent nonlinearities present in the system as well as the form of external 
nonlinear magnetic forces to demonstrate the efficacy of a ring-based bi-stable energy 
harvesting system is the main focus of the present study. The performance of this class of 
harvesters has been confirmed via numerical simulations considering the in-plane vibratory 
motion of the ring structure. As presented in this study, analytical response predictions are 
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envisaged to provide meaningful insight into the performance and feasibility of future 
designs for this class.  
For the purpose of formulating the nonlinear governing equations of flexural motion of 
vibrating thin circular rings, geometric nonlinearities due to large deformations of the ring 
are considered. The geometry and parameters used in the present research are shown in 
Figure 2.1. The general equations of motion that govern the transverse and circumferential 
motions are derived via Hamilton’s principle, as described in Eq. (2.1) in the absence of 
input angular rate Ω considering Euler-Bernoulli assumptions.  Equation of motion for the 
system under external nonlinear magnetic excitation force as well as an ambient force with 
the linear in-extensional condition in the radial direction takes the form: 









′′′′) + 𝑘𝑟𝑢𝑟 
+𝜌ℎ?̈?𝑟 =  𝑓𝑁𝑚 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) + 𝑓𝑒   , 
 (3.1) 
 
where the time derivatives are indicated by ( )̇, while the spatial derivatives are indicated 
by ( )′. In the model, a ring of mean radius 𝑟 with a radial thickness ℎ and an axial thickness 
𝑏 is considered. The parameters 𝐴 and 𝐼 represent, respectively, the ring cross-sectional 
area and the area moment of inertia. Further, 𝜌 represents the mass density while 𝐸𝐼 denotes 
the flexural rigidity, where 𝐸 is Young’s modulus. An external magnetic force 
 𝑓𝑁𝑚 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) and ambient harmonic force 𝑓𝑒  are considered to act simultaneously while 
the harvester is in operation. The partial differential Eq. (3.1) is reduced to nonlinear 
ordinary differential equations by assuming nonlinear correction terms for the mode shapes 
and via Galerkin’s procedure. Due to the periodic nature of solutions and choice of 
deflection modes, the most general radial 𝑢𝑟 and circumferential 𝑢𝜃  (extensional) 
displacements compatible with the relevant continuity requirements have been formulated 
in chapter 2. As seen from Eqs (2.2) and (2.3), the parameter 𝛾 represents the measure of 
system nonlinearity which influences the mode shapes. This parameter influences the 
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homogenous and the non-homogenous parts of Eq (3.1). Therefore, this feature that results 
from the in-extensionality of the middle surface has been termed system nonlinearity. The 
cos 𝑛𝜃 and sin 𝑛𝜃 functions when combined with the effects of the nonlinear parameter 𝛾 
form the basis for the vibration mode shapes. Also, only the flexural motions are of interest 
to the present study. In order to apply Galerkin’s procedure, Eqs. (2.2) and (2.3) are 
substituted for 𝑢𝑟 in Eq. (3.1) and the resulting expression is then multiplied by a weighting 
function associated with 𝐴𝑛 and integrated with respect to 𝜃 from 0 to 2𝜋. The weighting 
functions as described in Eqs. (2.8) and (2.9) have been used in this procedure. This 
procedure yields an ordinary differential equation involving primary co-ordinate 𝐴𝑛. When 
an equation for 𝐵𝑛 is obtained in a similar fashion, both equations are seen to be coupled 
via the nonlinear terms. It may be noted that the derivatives of  𝑢𝑟 and 𝑢𝜃 with respect to 𝑡 
and 𝜃 that are required in Eq. (3.1) have been obtained in chapter 2 from Eqs. (2.4), (2.5), 
(2.6) and (2.7). Substitution of Eqs. (2.2) through (2.7) in Eq. (3.1) and multiplication of  
the resulting expression by the weighting functions (2.8) and (2.9) associated with 𝐴𝑛 and 
𝐵𝑛, respectively, and integration with respect to 𝜃 from 0 to2𝜋 yields the system equations 
of motion.  The details of this derivation are described in detail in Appendix B. The final 
equations of motion that govern the nonlinear dynamic behavior of ring bi-stable harvester 
employing the second mode with nonlinear magnetic force and harmonic ambient 
excitation are  

































2]𝐴𝑛 = 𝑓𝑁𝑚1 (𝐴𝑛, 𝐵𝑛 , 𝜃𝑖) + 𝑓𝑒    (3.2) 











𝐴𝑛𝐵𝑛𝐴?̈? + 2𝜁𝜔0?̇?𝑛 + [
𝐸𝐼
𝑏𝑟4



















2]𝐵𝑛 = 0 . (3.3) 
 
As defined earlier, in Eqs. (3.2) and (3.3), the coordinate 𝐴𝑛 can be considered to represent 
the primary excitation or the driving coordinate for the ring during the motion, and the co-
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ordinate 𝐵𝑛 will obviously be influenced owing to the coupling of the two equations. The 
primary and the secondary coordinates 𝐴𝑛 and  𝐵𝑛 for the ring harvester are shown in Figure 
3.1. 
 
Further, to represent dissipation in the system, viscous damping of the ring harvester is 
introduced in the final discretized equations of motion in the form of proportional damping. 
It is included via a modal damping ratio 𝜁 as shown where 𝜔0 represents the system’s 
natural frequency. It may be observed that the nonlinearity in the model appears in the 
inertia and stiffness terms. In this research, as mentioned earlier, in order to maximize the 
efficiency of the harvester, only the highly resonant second flexural modes are considered; 
hence, the number of nodal diameters (or mode number) 𝑛 in the equations of motion is 
taken to be 2. In order to represent the external forces in the ring, nonlinear magnetic forces 
𝑓𝑁𝑚1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) are considered as external forces. The excitation to be received from the 
ambient vibratory energy sources is assumed to be periodic in the form  𝑓𝑒 = 𝑓𝑐𝑜𝑠(𝜔𝑡), 
where 𝜔 is the excitation frequency, and 𝑓 is the excitation amplitude. The positions of 
magnets on the system are governed by 𝜃𝑖 , 𝑖 = 1,2. The present research focuses on bi-
stable energy-harvesting-based ring structure using the primary and secondary coordinates 
and, hence, Eqs. (3.2) and (3.3) must be employed together with an equation representing 
 
Figure 3.1: Visualization of primary and secondary directions of ring showing Nodal 





the output power generation. Incorporating the required electrical coupling to the Eqs. (3.2) 
and (3.3), yield equations (3.4) and (3.5). The nonlinear equations that govern the dynamic 
behavior of the harvesting system that directly powers a resistive load are hence given by: 

































2]𝐴𝑛 − 𝛾1𝐼 = 𝑓𝑁𝑚1 (𝐴𝑛, 𝐵𝑛 , 𝜃𝑖) + 𝑓𝑒    (3.4) 











𝐴𝑛𝐵𝑛𝐴?̈? + 2𝜁𝜔0?̇?𝑛 + [
𝐸𝐼
𝑏𝑟4



















2]𝐵𝑛 = 0 (3.5) 
𝐿𝐼̇ + ?̌? 𝐼 + 𝛾1𝐴?̇? = 0 , (3.6) 
 
where,  𝐼 is the electrical current, 𝐿 is the inductance of the coil, and ?̌? represents the load 
resistance. The parameter  𝛾1 denotes the transducer constant, derived from Faraday’s law 
of inductions, that couples the mechanical and electrical systems. It may be noted from Eqs. 
(3.4) and (3.5) that the nonlinear magnetic force and the coupling via the nonlinear inertia 
and the stiffness terms dictate the total nonlinear behavior of the bistable harvesting system. 
The nonlinear magnetic force 𝑓𝑁𝑚1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) used in the present study has been described 
in detail in section 3.4.  
3.3 Modeling for a monostable ring macro energy harvesting 
system 
The nonlinearity is often brought to the system via external coordinate-dependent nonlinear 
force and nonlinear mode function. A bi-stable harvesting system when the influence of the 
nonlinear parameter is considered minimal or is absent results in a mono-stable harvesting 
system when the system is subjected to magnetic forces. It may be noted from Eqs. (3.4) 
and (3.5) when the nonlinear parameter 𝛾 = 0, the system becomes uncoupled. Hence, only 
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the Eq. (3.4) that describes the vibratory motion in the primary coordinate and Eq. (3.6) 
that couples the system vibration to the electrical sub-system are required for the analysis. 
Under these conditions, the governing equations for the energy harvester that directly 
powers a resistive load become: 
𝜌ℎ𝜋𝐴?̈? + 2𝜁𝜔0𝐴?̇? + [
𝐸𝐼
𝑏𝑟4
(𝑛2 − 1)𝑛2 + 𝑘𝑟] 𝜋𝐴𝑛 − 𝛾1𝐼 =
                 𝑓𝑚1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) + 𝑓𝑒  , 
(3.7) 
𝐿𝐼̇ + ?̌? 𝐼 + 𝛾1𝐴?̇? = 0. (3.8) 
 
In order to represent the external forces in the ring, a magnetic force 𝑓𝑚1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) is 
considered. The harmonic excitation to be received from the ambient vibratory energy 
sources is represented by 𝑓𝑒 = 𝑓𝑐𝑜𝑠(𝜔𝑡). 
 
3.4 Design of magnetic force configuration for macro ring bi-
stable and monostable harvesters 
This section proposes the design of novel macro ring-based bi-stable and monostable 
energy harvester devices using magnetic forces to generate appropriate nonlinearities. The 
physical realization of this bi-stable energy harvester must provide a practical way of 
increasing the range of operation of the harvester while increasing the efficiency with close 
to zero energy cost. Furthermore, models using various configurations for the magnets are 
examined so that efficient bi-stable energy harvesting systems utilizing the sensitive second 
mode of a ring structure may be realized in practice. A schematic of the magnetic 
configurations used for the proposed harvester systems is shown in Figure 3.2. Design and 
analysis of an appropriate magnetic force formulation are presented to represent the 
nonlinear magnetic force that acts on the macro ring structure. This analysis is restricted to 
bi-stable/mono-stable configurations. To account for the interactions between the 
magnets 𝑚𝐴, 𝑚𝐵, and 𝑚𝐶 arranged in a repulsive configuration, the potential energy and 
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force expressions are derived from a dipole model by the law of Biot and Savart 
(Vanderlinde, 2004). The essential features of the force characteristics are introduced via 
force expressions for interacting magnetic dipole for one side of the system, as shown in 
Figure 3.2. The magnetic flux density is defined by 




?⃗⃗⃗? 𝐵. 𝑟⃗⃗ 𝐵𝐴
|𝑟 𝐵𝐴|3
]  , (3.9) 
 
where 𝜇0 = 4𝜋 × 10
−7 𝐻 𝑚⁄  denotes the magnetic permeability of free space, ∇ is vector 
gradient, ?⃗⃗? 𝐵 = −𝑀𝐵𝑉𝐵 𝑒 𝑟 , 𝑀𝐵 is the magnetization, and 𝑉𝐵 represents the volume of the 
source magnet, and  |𝑟 𝐵𝐴| = −(𝑑 − 𝑢𝑟)𝑒 𝑟 is the distance between magnets 𝑚𝐵 and 𝑚𝐴. 
The potential energy of the magnet ?⃗⃗? 𝐴 in the field generated by the magnet ?⃗⃗? 𝐵 is 
𝑈𝑚 = −?⃗⃗? 𝐴. ?⃗? 𝐵𝐴  , (3.10) 
 
where ?⃗⃗? 𝐴 = 𝑀𝐴𝑉𝐴, 𝑀𝐴 is the magnetization, 𝑉𝐴 represents the volume of the source 
magnet, and  𝑈𝑚 is the potential energy. The expression for the interaction force between 
the magnets can then be obtained by taking the gradient of Eq. (3.10). As shown in Figure 
3.2, magnets 𝐵 and 𝐶 are identical, and their distance from magnet 𝐴 is designated as 𝑑. 
The expression for the total potential energy associated with magnets 𝐴, 𝐵 and 𝐶 can be 










]   , (3.11) 
 
where 𝑑 represents the distance between magnets. An expression for the magnetic force 
between two magnets can now be obtained by differentiating the potential energy with 












]   . (3.12) 
 
In order to simplify the force expression, Taylor expansion is applied to Eq. (3.12) to yield 
the following equation: 















7)]   , (3.13) 
 
when terms of up to the third order are retained in Eq. (3.13), the 𝑓𝑁𝑚 which is a nonlinear 
function of 𝑢𝑟 can be thought of as generating the nonlinear stiffness terms that govern the 
mechanics of the ring structure. The first term in the brackets is the linear part of the force, 
while the remaining terms represent nonlinear parts. The expression given in Eq. (3.12) 
may be extended to handle multiple magnets by arrangement around the periphery of the 
ring with 90 degrees or 180 degrees. But, in the present study, an arrangement with two 
sets separated by 180 degrees is proposed to extend the magnetic dipole configurations to 
multiple locations, as shown in Figure 3.2. In this case, the expression for a nonlinear 
magnetic force system that affects the ring from two positions when 𝑖 = 1,2 are derived in 
the primary co-ordinate 𝐴𝑛  and the secondary co-ordinate 𝐵𝑛 as  
𝑓𝑁𝑚1(𝐴𝑛, 𝐵𝑛, 𝜃𝑖) =
𝜇0
2𝜋






















4]   , 
(3.14) 
  
𝑓𝑁𝑚2(𝐴𝑛, 𝐵𝑛, 𝜃𝑖) =
𝜇0
2𝜋



























Hence the nonlinear magnetic force components presented in Eqs. (3.14) and (3.15) form 
the basis of the bi-stable harvester. Eq. (3.14) represents the nonlinear magnetic force in 
the driving coordinate used in the nonlinear system described in Eq. (3.4). However, Eq. 
(3.15) is associated with the second coordinate, and since excitation is not considered in 
this coordinate, in practice, it will be set to zero in the analysis. On the other hand, in the 
absence of nonlinear parameter 𝛾 in Eqs. (3.14) and (3.15), The expression for a nonlinear 
magnetic force system that affects the ring from two positions are derived in the primary 
co-ordinate, in the case of the monostable harvester, as 
𝑓𝑚1(𝐴𝑛, 𝐵𝑛, 𝜃𝑖) =
𝜇0
2𝜋









4]   . 
(3.16) 
 
The magnetic force components represented in Eq. (3.16) form the basis of a monostable 
harvester. In addition, a coil to extract power via induced current must be designed and 
placed.  It is proposed that coils will be placed inside the ring at angular orientations of 
+90° and −90° which are associated with the two anti-nodal orientations such that the 
interaction between the excitation and induction magnetic fields is minimal. The location 




















3.5 Modeling for a MEMS ring energy harvesting system 
under electrostatic force 
MEMS type ring energy harvester is an entirely new to the vibratory energy harvesting 
literature. The formulations of the nonlinear governing equations of flexural motion of 
vibrating thin circular rings have been derived in Eqs. (3.4) and (3.5). It is proposed that an 
electro-static force system be used in the case of MEMS scale owing to its superior 
adaptability in MEMS. The expression of nonlinear electrostatic force that acts on the 
 






MEMS ring system has been derived in Eqs. (2.15). Following similar procedures as 
employed in section 3.2, the nonlinear equations that govern the dynamic behavior of the 
MEMS harvesting system that uses electrostatic force when the induced current directly 
powers a resistive load are hence given by 

































2]𝐴𝑛 − 𝛾1𝐼 = 𝑓𝑁𝑒𝑠1 (𝐴𝑛, 𝐵𝑛 , 𝜃𝑖) + 𝑓𝑒    (3.17) 











𝐴𝑛𝐵𝑛𝐴?̈? + 2𝜁𝜔0?̇?𝑛 + [
𝐸𝐼
𝑏𝑟4



















2]𝐵𝑛 = 0 (3.18) 
𝐿𝐼̇ + ?̌? 𝐼 + 𝛾1𝐴?̇? = 0 . (3.19) 
 
It may be noted that the nonlinear system used in the present study is subjected to nonlinear 
electrostatic force in the driving excitation 𝐴𝑛 and the expression for this force has been 
derived in chapter 2. In order to represent the external forces in the MEMS ring harvester, 
only a nonlinear electrostatic force 𝑓𝑁𝑒𝑠1 (𝐴𝑛, 𝐵𝑛, 𝜃𝑖) is considered. The positions of the 
nonlinear electrostatic force on the system governed by 𝜃𝑖 , 𝑖 = 1,2, 3, 4 are shown in 
Figure 2.3. It may be noted from the figure that the arrangement with four sets separated 
by 90 degrees are proposed to extend the electrostatic configurations to multiple locations, 
as shown. The electrostatic design illustrated in the figure is essential for the MEMS ring 
harvester. It may be noted that the MEMS harvesting system described above in Eqs. (3.17) 
and (3.18) are subjected to nonlinear electrostatic force in the driving coordinate 𝐴𝑛 . One 
of the most critical challenges in the construction of MEMS ring-type harvester is the need 
for this class of devices to operate at the ring resonant frequency associated with the second 





In this chapter, the nonlinear and linear equations of motion that govern the dynamic 
behavior of a bistable and monostable MEMS/macro ring harvester system are developed. 
The system, as in the case of a gyroscope, employs the highly resonant second mode in 
conjunction with a nonlinear magnetic/electro-static force in the presence of ambient 
harmonic forces. For this purpose, a novel model that generates a nonlinear magnetic force 
that affects the system at two positions is formulated. Expressions for the potential energy 
and restoring force have been developed to ensure that the mono-stable and bi-stable 
behavior exists in the proposed models. In addition, the nonlinear electrostatic force for the 
MEMS ring harvester has been proposed as an external force, and appropriate models for 























NONLINEAR AND LINEAR RESPONSE PREDICTIONS 
AND COMPUTATIONAL SCHEMES 
 
4.1 Introduction 
The nonlinear equations of motion for MEMS and macro ring gyroscopes in the presence 
and the absence of nonlinear terms in the coordinates under nonlinear electrostatic and 
electromagnetic forces have been derived in chapter 2. It may be noted that the system of 
nonlinear equations includes forces that depend on the system output as displacements and 
velocity. Also, nonlinear equations of motion that govern the behavior of bistable and 
monostable harvesters have been derived in chapter 3 when the systems are subjected to 
the nonlinear magnetic force. The MEMS bi-stable and monostable harvesters have also 
been described in chapter 3 when the structures are subjected to nonlinear electrostatic 
forces. In the present research, the transient response is ignored, and attention will be 
focused only on the steady-state response since both in the gyroscope and harvester cases, 
the useful outputs are dictated by the steady-state response. The ode45 solver in the 
MATLAB environment is employed to solve the system of ordinary equations numerically.  
 
The organization of models for MEMS/macro ring gyroscope and harvester is discussed 
and derived in chapters 2 and 3, and the organization of problem formulation for 
simulation is shown in Figure 4.1. As seen from the figure, the left half of the chart refers 
to the MEMS scale systems, while the right half refers to the macroscale systems.  As 
described in the figure, experiments are conducted only for the macro scale systems to 
compute the natural frequency variation. 
 
4.2 Summary of problem formulations for simulation 
▪ Model 1 and Model 2 
The above two models are employed to study the linear Model 1 and nonlinear Model 2 
dynamic response of MEMS gyroscopes in the presence of nonlinear electrostatic driving 
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forces using equations of motion.  Equations represent the mathematical description of 
Model 1 are Eqs. (2.17) and (2.18), while equations describe the definition of Model 2 are 
Eqs. (2.12) and (2.13).    
 
▪ Model 3 and Model 4 
These models are employed to examine the nonlinear and linear dynamic behavior of novel 
ring-based harvesters in MEMS scale where the nonlinear electrostatic forces create the 
nonlinear restoring system forces. Equations (3.17) and (3.18), respectively, represent these 
models in the presence and absence of nonlinear parameter 𝛾. They are primarily used 
considering nonlinear electrostatic forces described in Eq. (2.15) and assuming that the 
harvester does not undergo any rotation. It may be noted that Eq. (3.17) is based on a linear 
ring monostable harvester in the absence of nonlinear parameter 𝛾 = 0. In contrast, Eqs. 
(3.17) and (3.18) represents the corresponding non-linear ring bi-stable harvester. 
▪ Model 5 and Model 6 
These models are utilized to study the linear Model 5 and nonlinear Model 6 dynamic 
response of macro-scale gyroscopes in the presence of nonlinear electromagnetic driving 
forces. The mathematical description of Model 5 is represented by Eq. (2.21) in the absence 
of nonlinear parameter 𝛾 , while the definition of model 6 is described by coupled Eqs. 
(2.21) and (2.22). 
▪ Model 7 and Model 8 
The above two models are employed to examine novel ring-based bi-stable and monostable 
harvesters' nonlinear dynamic behavior on a macro scale, where magnetic forces create the 
nonlinear restoring system forces.  These models are primarily used via Eqs. (3.4), (3.5), 
and (3.6). It may be noted that Eqs. (3.7) and (3.8) is based on a linear ring system 
(monostable harvester), while Eqs. (3.4) and (3.5) represent the corresponding nonlinear 




































Figure 4.1: Organization of problem formulation for simulation. N: nonlinear model, and 
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The organization of all problem formulations for simulation has been described in this 
chapter. A suitable comprehensive nonlinear and linear models of a macro ring-type 
gyroscope when subjected to the nonlinear electromagnetic force is employed as illustrated 
in Figure 4.1 (Models 5 and 6). In contrast, a MEMS ring-type gyroscope's nonlinear and 
linear models when the ring is subjected to a nonlinear electrostatic force (Models 1 and 2) 
are employed in the analysis. The influence of angular rate, nonlinear parameter, nonlinear 
electromagnetic and electrostatic forces of MEMS/macro ring gyroscope have been studied 
using these models, and results are discussed in chapters 5 and 6.      
On the other hand, a novel bistable and monostable models-based-ring harvester when 
subjected to nonlinear magnetic force in the macro scale (Models 7 and 8) and nonlinear 
electrostatic force in the MEMS scale (Models 3 and 4) are employed for response 
predictions.  The design of a novel monostable as well as a bi-stable ring harvester has been 
completed in chapter 3. Nonlinear dynamic response analysis and broadband energy 
harvesting of novel MEMS/macro bi-stable and monostable ring harvester have been 



























In this chapter, nonlinear and linear dynamic response analysis of a ring-type MEMS 
gyroscope under the influence of nonlinear electrostatic forces in the presence and absence 
of nonlinear terms have been investigated via numerical simulations. Natural frequency 
variation and the amplitude ratio for the MEMS system have been computed. Results have 
been presented in the time and frequency domains when the gyroscope is subjected to input 
angular rate. In addition, the phase diagram and Poincare maps have been obtained via 
numerical simulation for linear and nonlinear systems, in particular for gaining an insight 
into the system's nonlinear behavior. 
 
5.2 Nonlinear dynamic response and influence of a ring-type 
MEMS gyroscope under nonlinear electrostatic actuation 
There are many sources of nonlinearities in MEMS, which are due to force, damping, and 
stiffness. The system nonlinearity is often produced via a coordinate-dependent nonlinear 
force. Also, due to large resonant amplitudes, the system tends to suffer from undesirable 
nonlinear effects due to geometric and actuator nonlinearities. Hence, a nonlinear dynamic 
response analysis of MEMS gyroscopes together with consideration of input nonlinear 
actuator dynamics is essential for gaining a complete understanding of achievable 
performance improvements for this class of angular rate sensors. 
In this chapter, comprehensive nonlinear governing equations of flexural motion of 
vibrating thin circular rings presented in Eqs. (2.12) and (2.13) are employed to investigate 
the nonlinear dynamic behavior of ring-type MEMS gyroscope. The geometry and 
parameters used in the present study have been illustrated in Figure 2.1. An expression for 
the nonlinear electrostatic force has been derived in Eqs. 2.15 and used in the present study 
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for examining the dynamic response behavior. Also, since the second flexural mode is of 
interest, natural frequency variations associated with this mode are evaluated and presented. 
The nonlinear dynamic response characteristics of the ring gyroscope in are investigated 
via suitable time and frequency response indicators. 
 
5.2.1 Natural frequency and amplitude ratio of the 
displacement for MEMS ring structure 
In this section, the parameters associated with a ring as shown in Table 5.1 for MEMS scale 
are considered. It is assumed that the ring is fabricated of nickel and to have isotropic 
material properties. The damping ratio,  𝜁 of 0.0001, has been taken for the system. Figure 
5.1 illustrates the frequency-split behavior and the variation of the natural frequency due to 
change in input angular rates. It may be noted that the brown and blue lines represent the 
lower 𝜔1 and upper 𝜔2 natural frequency, respectively. The two natural frequencies have 
been computed and take values 𝜔1 = 2.4422 × 10
5 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  and 𝜔2 = 2.4428 ×
105 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  when the gyroscope is subjected to an input angular rate of 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄ . 
In addition, the amplitude ratio of the displacement in the sensing coordinate to the 
displacement in the driving coordinate (|𝐵n 𝐴n⁄ |) is evaluated for the stationary ring via 
numerical simulation as shown in Figure 5.2, and the amplitude ratio has the maximum 
value near the natural frequency 𝜔1 = 𝜔2 = 2.4425 × 10
5  𝑟𝑎𝑑 𝑠𝑒𝑐⁄ . 
Table 5.1.  MEMS ring parameters and properties 
Parameter Value 
Density, 𝜌 8800 𝑘𝑔 𝑚3⁄  
Young's modulus, 𝐸 210 × 109 𝑁 𝑚2⁄   
Mean radius, 𝑟 500 𝜇𝑚 
Radial thickness, ℎ 12.5 𝜇𝑚 




















5.2.2 Nonlinear dynamic analysis of MEMS ring-type 
gyroscope 
A nonlinear model that includes complex nonlinear inertia/stiffness terms and a nonlinear 
electrostatic force as depicted in Eqs. (2.12) and (2.13) have been employed and solved 
numerically to predict the nonlinear response characteristics. When the MEMS Gyroscope 
is subjected to an input angular rate Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄ , under nonlinear oscillatory 
electrostatic excitation, the time response in the driving coordinate in the presence of a 
nonlinear parameter is depicted in Figure 5.3. Further, the time response in the sensing 




Figure 5.3: Radial displacement in driving coordinate 𝐴n for Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  in 





Figures 5.5 and 5.6, respectively, depict the corresponding phase portrait based on the 
steady-state response in the driving and the sensing coordinate.  It may be noted that the 
nonlinearities are evident from the plots where a number of multi-equilibrium wells are 
seen from both responses. Furthermore, the nonlinear behavior is also clearly seen in the 
Poincare map results in the driving and the sensing coordinate responses as illustrated in 
Figure 5.7 and Figure 5.8. Hence, it can be concluded that the multi-equilibrium points 
evident from the Poincare map must be taken into consideration when designing this class 
of devices. It is recommended that either minimization or adequate control action must be 




Figure 5.4: Radial displacement in sensing coordinate 𝐵n for Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  in 






Figure 5.6: Phase diagram in sensing coordinate 𝐵n for Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  in presence 
of nonlinear term 𝛾. 
 
 
Figure 5.5: Phase diagram in driving coordinate 𝐴n for Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  in presence 





Figure 5.7: Poincare’ map in driving coordinate 𝐴n for Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  in presence 
of nonlinear parameter 𝛾. 
 
 
Figure 5.8: Poincare’ map in sensing coordinate 𝐵n for Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  in presence 




5.3 Linear dynamic analysis of a ring-type MEMS gyroscope 
under electrostatic actuation 
This section investigates the linear dynamic behavior of vibratory angular rate sensors via 
numerical simulations. The governing equations of in-plane motion of rotating ring gyro 
developed in Eqs. (2.17) and (2.18) are employed to investigate the dynamic response 
behavior. As before, the second resonant flexural mode is excited in this class of 
applications for operation, and hence the dynamic response behavior is analyzed while the 
ring is under resonance. For this purpose, a suitable electrostatic actuator model developed 
in Eq. (2.19) has been employed. 
 5.3.1 Time response  
Dynamic response of the system which subjected to an external nonlinear actuator is 
examined via numerical solution when nonlinear parameter 𝛾 = 0. The equations of motion 
have been solved numerically to predict the response of the MEMS gyroscope. The 
response of the ring in the driving coordinate 𝐴𝑛 is illustrated in Figure 5.9, while the 
response of the ring in the sensing direction is shown in Figure 5.10.  It may be noted that 
the gyroscopic coupling present in the system transfers energy between the modes when 
the sensor is subjected to an input angular rate. 
Figures 5.11 and 5.12 depict the phase portraits based on the steady-state response in the 
driving and sensing directions when the gyroscope is subjected to an input angular rate of  
2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  . Also, to examine the effects of actuator nonlinearities, a Poincare map was 
constructed, as shown in Figures 5.13 and 5.14. It may be noted that these figures show 
quasi-periodic behavior, and it can be concluded that the nonlinear actuator has minimal 
impact on the steady-state behavior due to the absence of nonlinear parameter 𝛾 in the 
inertia and stiffness terms in Eqs. (2.17) and (2.18). Also, although not shown in these 
figures, the transient response behavior appears to have a more substantial impact on the 
nonlinear actuator dynamics, particularly when considering low values for damping (i.e., 
high Q factor). When comparing Figures 5.13 and 5.14 with 5.7 and 5.8, one can note that 
the nonlinear parameter 𝛾 in the system and actuator described in Eqs. 2.12 and 2.13 have 
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a strong influence on the steady-state behavior when multiple equilibrium points are 
involved. 
 
Figure 5.9: Radial displacement in driving coordinate for  Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄ . 
 
 






Figure 5.11: Phase portraits in driving coordinate for  Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄ . 
 
 






Figure 5.13: Poincare’ map in driving coordinate for  Ω = 2𝜋 𝑟𝑎𝑑 𝑠𝑒𝑐⁄ . 
 
 





Numerical simulations for the MEMS ring gyroscope have been performed to study 
nonlinear and linear dynamic response behavior. The second resonant flexural mode is 
excited in this class of applications. The device exhibits high nonlinearity in the model’s 
nonlinear terms, which may be attributed to high vibration amplitudes. Suitable nonlinear 
electrostatic actuator models in the absence/presence of nonlinear terms have been used to 
examine the dynamic response behavior. The dynamic response obtained via time-
response, phase portraits, and Poincare maps indicates that the nonlinear actuation has 


























CHAPTER 6  
NONLINEAR AND LINEAR DYNAMIC ANALYSIS OF RING-
TYPE MACRO GYROSCOPES 
 
6.1 Introduction 
This chapter aims to understand the macro ring-type gyroscope's nonlinear and linear 
dynamic response. The significance of the nonlinear model and actuator is studied to 
recognize this new class of devices. The natural frequency has been examined via 
theoretical and experimental work. Study nonlinear dynamic response analysis in the 
driving and sensing directions when the nonlinear model is subjected to the nonlinear 
electromagnetic force and an input angular rate. Time response, phase diagram, and 
Poincare maps have been investigated in the presence of nonlinear terms and input angular 
rate. Further, linear dynamic response analysis of time response with and without input 
angular motion has been discussed. A bifurcation diagram of macro ring gyroscope for 
varying input angular rate has been employed for investigating the device sensitivity. Also, 
this chapter describes a complete experimental setup employed for evaluating the natural 
frequency variation for a macro ring, which is essential for this research.     
 
6.2 Influence of model nonlinearities on the dynamics of 
macro gyroscope subjected to nonlinear electromagnetic 
force 
In the present study, the nonlinear dynamic behavior of rotating thin circular rings macro 
scale for vibratory angular rate sensors has been investigated via numerical simulations. 
The discretized nonlinear equations of motion that govern nonlinear dynamic behavior 
employing the second mode with a suitable nonlinear electromagnetic force and harmonic 
excitation have been developed in Eqs. (2.21) and (2.22). A schematic representation of 
ring dynamics and actuator configurations has been shown in Figure 2.4. The nonlinear 
electromagnetic force has been derived in Eq. (2.27) to investigate the dynamic response 
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behavior of a ring-type vibratory angular rate. The natural frequency variations due to 
macro gyroscopic coupling present in the system have been characterized mathematically 
and experimentally when the ring is subjected to the angular input rate.  
 
6.2.1 Natural frequency variation and frequency response 
In order to illustrate the applicability of the analytical results, typical parameters associated 
with a macro ring-type gyroscope are considered in Table 6.1. Also, for all time and 
frequency response simulations, a damping ratio,  𝜁 of 0.01 has been assumed for the 
system. At a nominal input angular rate of 2 𝜋 (𝑟𝑎𝑑 sec )⁄  the natural frequencies have 
been computed and take the values 𝜔1 = 58.6218 (𝑟𝑎𝑑 sec )⁄ , and 𝜔2 = 
61.8218 (𝑟𝑎𝑑 sec )⁄ . 
Besides, the amplitude ratio of the displacement in the sensing direction to the displacement 
in the driving coordinate (|𝐵n 𝐴n⁄ |) is estimated as depicted in Figure 6.1. It is evident from 
the figure that the amplitude ratio has the highest value near-natural frequency 𝜔1 = 𝜔2 =
61 (𝑟𝑎𝑑 sec) = 9.7 𝐻𝑧⁄ . It may be noted that the difference between the calculated natural 
frequency of the system using the simulation and the evaluated experimental value has been 
found to be very within 1%. 
Table 6.1.  Macro ring parameters for numerical calculations 
Parameter Value 
Density, 𝜌 7833.41 𝑘𝑔 𝑚3⁄  
Young's modulus, 𝐸 2.068 × 1011 𝐺𝑝𝑎 
Mean radius, 𝑟 92.5 × 10−3 𝑚 
Radial thickness, ℎ 0.1016 × 10−3 𝑚 





6.2.2 Experimental investigation of natural frequency   
Experiments for natural frequency variation are performed using a circular cylindrical 
structure, actuators, and a sensor driver, placed on a test base attached to the Precision 
Single-Axis Rate table as shown in Figure 6.2. The cylinder is 92.5 × 10−3 𝑚 in diameter 
has an average thickness of 0.1016 × 10−3 𝑚 , and an average axial length of  
150 × 10−3 𝑚. The cylindrical structure made of blue-tempered spring steel can be excited 
via non-contact electromagnetic excitation. The ring structure is attached to the center of 
the test base, while two electromagnets are arranged on an anti-nodal line to excite the free 
cylinder end. Two Eddy-current displacement sensors are placed on the other anti-nodal 
line and one of the nodal lines to measure the radial motion. The ring's behavior can be 
observed by examining the cylinder's free end, considering it as a ring attached to a cylinder 
end.  
Hence, all the sensors and exciters are arranged along the free end circumference of the 
cylinder. It can be noted there is no physical contact present between the free cylinder-end 
and the exciter. Experiments are performed to characterize the gyroscope natural frequency 
 




dynamics. As an alternative, a shaker mounted on the rate table provides small-amplitude 
periodic excitation of angular velocities. During the preparation of the gyroscope 
experiment, it is essential to select significant parameters such as the expected natural 
frequency of the ring, the frequency range of the excitation, and the distance between the 
electromagnetic and the surface of the ring system. The variations of the natural frequencies 
are quantified by measuring frequency response at an anti-node for different input angular 
rates. The experimental results for predicting the natural frequency variations of a rotating 
cylinder-end are illustrated in Figure 6.3. The solid lines represent the theoretical 
predictions, while the square points represent experimental results, indicating an excellent 
agreement. It may be noted that the two branches of the theoretical variations have been 
adjusted to reflect the effects of mass-mismatch which is evident from the natural 
frequencies for the stationary ring (ie. Ω = 0). However, in the simulations, excitation 
frequency of 60 𝑟𝑎𝑑/𝑠𝑒𝑐 (9.549 𝐻𝑍) was used as the excitation frequency in order to 
excite the resonant mode. This value approximately, falls as an average of the two natural 










6.2.3 Nonlinear dynamic response in the driving and sensing 
directions 
In this section, the nonlinear dynamic response analysis of the system is examined via 
numerical solution procedure. This analysis is primarily based on the mechanical model in 
the presence of nonlinear parameter 𝛾 as derived in Eqs. (2.21), (2.22), and (2.27).  
The operation of ring-based vibratory gyroscopes relies on nonlinear external excitation 
close to one of the resonant frequencies to maximize device sensitivity. To this end, the 
second flexural modes are chosen for investigating natural frequency variation with input 
angular rate. For the purposes of predicting the nonlinear response characteristics of a 
macro ring gyroscope have been solved numerically. Besides, for all time and frequency 
 
Figure 6.3: Frequency variations due to the input angular speed; □, experimental 




response simulations, a damping ratio,  𝜁 of 0.01 has been assumed for the system. In the 
results below, the initial conditions are held constant such that the ring device begins the 
simulations at an initial displacement in driving and secondary coordinates of the amplitude 
of 5 × 10−3𝑚 and initial zero velocity are imposed on the system. 
The time history with long time records in the driving  𝐴𝑛 and sensing 𝐵𝑛 coordinates of a 
ring gyroscope shown in Figures 6.4 and 6.5 are obtained using Eqs. (2.21) and (2.22) in 
the presence of nonlinear term at an excitation frequency of 60 𝑟𝑎𝑑 𝑠𝑒𝑐⁄ . The response of 
the ring in the driving direction is illustrated in Figure 6.4, while the response in the sensing 
direction is shown in Figure 6.5. It may be noted that the gyroscopic coupling present in 
the system transfers energy between the modes when the sensor is subjected to an input 
angular rate. 
For the same system parameters and initial conditions, Figures 6.6 and 6.7 shows the phase-
plane trajectory based on the steady-state response in the driving and sensing directions 
when the gyroscope is subjected to an input angular rate of 2𝜋 𝑟𝑎𝑑 sec⁄ . 
Moreover, effects of nonlinearity have been seen in the Poincare map plots Figures 6.8 and 
6.9 indicated via multiple equilibrium points. Also, it observed that the resulting Poincare 
map appears as a cloud of unorganized points due to the influence of the nonlinear term 







Figure 6.4: Radial displacement in driving direction for Ω = 2 𝜋  (𝑟𝑎𝑑 sec)⁄ . 
 
 







Figure 6.6: Phase diagram in driving direction for Ω = 2 𝜋  (𝑟𝑎𝑑 sec)⁄ . 
 
 







Figure 6.8: Poincare’ map in driving direction for Ω = 2 𝜋  (𝑟𝑎𝑑 sec)⁄ . 
 
 




6.3 Linear dynamic response with and without input angular 
motion 
For the purposes of predicting the response characteristics of the gyroscope, the equations 
of motion (2.21), (2.22), and (2.27) in the absence of nonlinear parameter 𝛾 have been 
solved numerically. Under nonlinear force magnitude resulting from electromagnetic 
actuation of the ring in the driving mode, the response of the ring associated with the 
generalized coordinate, in the absence of input angular velocity( Ω = 0 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  ), is 
predicted numerically, and the results are illustrated in Figure 6.10. It can be seen that  state 
of steady-state in the driving direction start from the commencement of the excitation while 
the response in the sensing direction remains at zero, indicating that there is no motion in 
the secondary mode, as shown in Figure 6.11. This may be attributed to the absence of 
direct coupling between the equations of motion in Eqs. (2.21) and (2.22).  However, an 
energy transfer is expected to occur when the sensor is subjected to an input angular rate. 
 
 






When the gyroscope is subjected to an input angular velocity (Ω = 2𝜋 (𝑟𝑎𝑑 𝑠𝑒𝑐⁄ )) when 
𝛾 = 0 in Eqs. (2.21) and (2.22), under nonlinear oscillatory electromagnetic excitation in 
Eq. (2.27), the time responses of the ring in the driving and the sensing directions are, 
respectively, depicted in Figures 6.12 and 6.13. The reaction of the ring in the driving 
direction is illustrated in Figure 6.12, while the response of the ring in the sensing direction 
is shown in Figure 6.13.  It may be noted that the gyroscopic coupling present in the system 
transfers energy between the modes when the sensor is subjected to an input angular rate. 
The response in the sensing direction displays the modulated form of two signals, namely, 
the signal from the input angular motion and the high-frequency external excitation. It may 
be noted from Figs. 6.12 and 6.13 that the amplitude in the sensing direction is more 










Figure 6.12: Radial displacement in driving direction for Ω = 2𝜋 (𝑟𝑎𝑑 sec)⁄ . 
 
 




Simulations have been performed for varying input angular velocities in the range ( Ω =
0 − 7𝜋 (𝑟𝑎𝑑 𝑠𝑒𝑐⁄  ) and the sensor output has been depicted in Figure 6.14.  This figure 
indicates that the nonlinear actuation forces have minimal influence on the linearity of the 
sensor.  Furthermore, although not shown in the figure, an increase in the excitation force 
magnitude has been found to result in increased deflection of the ring and hence an 
increased sensitivity. 
Figures 6.15 and 6.16, respectively, depict the phase portraits based on the steady-state 
response in the driving and sensing directions when the gyroscope is subjected to an input 
angular rate of 2𝜋 (𝑟𝑎𝑑 𝑠𝑒𝑐⁄ ). Besides examining the effects of actuator nonlinearities, a 
Poincare map was constructed, as shown in Figure 6.17 in the driving direction and Figure 
6.18 in the sensing direction. These figures indicate quasi-periodic behavior, and it can be 
concluded that the actuator nonlinearities have minimal influence on the steady-state 
behavior due to the absence of nonlinear terms. Although not shown in these figures, the 
transient response behavior appears to have a more substantial impact on the nonlinear 
actuator dynamics, particularly when considering low values for damping (i.e., high Q 
factor). 
 






Figure 6.15: Phase diagram in driving direction for Ω = 2 𝜋  (𝑟𝑎𝑑 sec)⁄ . 
 
 






Figure 6.17: Poincare’ map in driving direction for Ω = 2 𝜋  (𝑟𝑎𝑑 sec)⁄ . 
 
 




6.3.1 Bifurcation diagram for macro ring gyroscope 
 
In this section, a bifurcation diagram as the input angular velocity Ω is varied up to 
4𝜋 𝑟𝑎𝑑 sec ⁄  is constructed to investigate the sensitivity of the sensor under the nonlinear 
actuation.  Based on the steady-state response, Figures 6.19 and 6.20, respectively, in the 
driving and the sensing directions indicate a range in which the sensor is expected to have 
maximum sensitivity.  Evaluation of this range can be beneficial in the design and tuning 














In this chapter, the nonlinear dynamics of a macro-scale ring gyroscope has been studied 
to quantify the effects of system and actuator nonlinearities inherently present in such 
systems under operation. The device exhibits high nonlinearity in the model's nonlinear 
parameter, which may be attributed to high vibration amplitudes. The dynamic response 
obtained via time-response, Phase portraits, and Poincare maps indicates that the 
nonlinearity in the model and actuation play an essential role in shaping the dynamic ring 
behavior. Comparison nonlinear with a linear model revealed that the inclusion of model 
nonlinearities in the presence of high vibration amplitudes has a strong influence and hence 
remarkably demonstrates its significance. Besides, the dynamic response results showed 
that the nonlinear actuation has minimal impact on the resulting steady-state behavior in 
 




the absence of a nonlinear parameter 𝛾.  Further, the bifurcation diagram obtained from the 
Poincare map for varying input angular rates demonstrates regions of higher sensitivity for 
the sensor. The modeling, analysis, and numerical results presented in this chapter are 
envisaged to help gain physical insight into underlying mechanics, design improvements 






























DYNAMIC ANALYSIS AND DESIGN OF A NOVEL MONO-




In this chapter, an investigation into the performance of such a novel design, namely the 
mono-stable ring structure, considering nonlinear magnetic force, has been demonstrated 
via numerical simulations. When the system subjected to nonlinear magnetic force, an 
ambient harmonic force tuned to this frequency is shown to exhibit monostable behavior.  
It is demonstrated via numerical computations that useful power extraction can result from 
this ambient vibration. The system's potential energy is investigated to ensure the presence 
of mono-stable behavior in the proposed model. Restoring force, which is the derivative of 
the potential energy for displacement, is also examined to identify the hardening behavior 
of the system. Time responses, phase diagrams, and bifurcation maps are generated under 
harmonic excitation to determine the output system characteristics. Besides, to characterize 
the behavior due to varying frequencies of the input excitation, a frequency-sweep analysis 
is performed to illustrate the power extraction. 
 
7.2 Potential energy and restoring force 
Figures 7.1 and 7.2 show the total potential energy and restoring force of the mono-stable 
energy harvester. The harvester has one potential well and hence represents monostable 
behavior. Typical parameters associated with a macro ring-type harvester are considered, 
as shown in Table 6.1. Based on an approximate form of Eq. (3.13) by retaining terms of 
up to order 3, a practical physical system has been realized when a magnet 𝑚𝐴 of negligible 
mass, and two fixed magnets 𝑚𝐵, 𝑚𝐶  are used. When arranged in a repulsive configuration 
as depicted in Figure 3.2, these magnets lead to a “hardening” system where the force plot 
takes the form as shown in Figure 7.2. In contrast, the potential energy takes the structure 
shown in Figure 7.1, which offers a mono-stable configuration with one stable equilibrium 
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point. Further, it can be demonstrated that dipole arrangements with multiple sets around 
the ring at anti-nodal lines also lead to mono-stable designs. This mono-sable configuration 
can be utilized to harvest energy. 
 
 
Figure 7.1: Variation of potential energy 𝑈𝑚 with the displacement. 
 
 




7.3 Time and frequency responses of displacement, current, 
and power 
To predict the response characteristics of the mono-stable harvester, Eqs. (3.7) and (3.8) 
have been solved numerically. The system parameters are chosen based on the available 
experimental ring structure setup that has been used in the present research and under 
development for future experimental validation of the current study. For the electrical 
subsystem, the number of turns of the coil, 𝑁𝑐𝑜𝑖𝑙 is taken to be 3000 turns. The inner coil 
radius 𝑟𝑐𝑜𝑖𝑙 has a value of 0.025 𝑚 while the coil height, 𝑙𝑐𝑜𝑖𝑙 is 0.0608 𝑚. The inductance 
of the coil is estimated from 𝐿 ≈ 𝜇0(𝑁𝑐𝑜𝑖𝑙
2 𝜋𝑟𝑐𝑜𝑖𝑙
2 𝑙𝑐𝑜𝑖𝑙⁄ ) and it takes the value of 0.3652 𝐻 
(Vanderlinde, 2004). The natural system frequency, 𝜔0 has been determined and it has a 
value close to 60 𝑟𝑎𝑑 sec⁄ . The system parameters 𝜁 = 0.01 and 𝛾1 = 10 𝑉𝑠 𝑚⁄ . The load 
resistance ?̌? can be derived from inductive reactance formula ?̌? = 2𝜋𝜔0𝐿 and it takes the 
value of 137 𝑜ℎ𝑚. 
Figures 7.3, 7.4, and 7.5 illustrate the output power, generated current, and displacement 
time responses for the system at an excitation frequency of 60 (𝑟𝑎𝑑 sec)⁄  chosen close to 
the system natural frequency. An initial displacement in the driving direction of the 
amplitude of 5 × 10−3𝑚 and initial zero velocity are imposed on the system for 
computational purposes. The resulting response has a periodic oscillatory behavior. The 
steady-state value of the displacement is 0.002167 𝑚 while the steady-state values of the 
generated current and power are 3.326 𝑚𝐴 and 1.515 𝑚𝑊, respectively. The obtained 
output power from the current ring design is comparable to those of the bi-stable tube or 
bi-stable beam harvesters presented in previous studies (Daqaq et al., 2014) and (Mann & 
Owens, 2010). For similar system parameters and initial conditions, if the excitation 
amplitude is increased, the transient response is followed by large amplitude periodic 






Figure 7.3: Time response of displacement, 𝜔 = 60 (𝑟𝑎𝑑 sec )⁄  . 
 
 







Figure 7.6 shows the velocity vs. displacement trajectories for the present magnetic 
configurations. As can be seen from the periodic orbits appearing in this figure, the steady-
state vibration amplitude can be clearly seen to be stable. However, nonlinearities seem to 
be not evident from the plot; hence, a predominantly linear behavior is displayed by 
periodic orbits for the mono-stable harvester system. 
Further, simulations have been performed for varying amplitudes of excitation force in the 
range (𝑓 = 0.01 − 1.5 𝑁), and the corresponding current output has been depicted in 
Figure 7.7. An increase in the excitation force magnitude results in an increase in generated 












Figure 7.6: Stable phase portrait, 𝜔 = 60 (𝑟𝑎𝑑 sec )⁄  . 
 
 




7.4 Bifurcation map of displacement, current, and power 
For the purposes of estimating the performance of the mono-stable ring harvester, a 
frequency sweep has been performed numerically, employing the displacement, current, 
and power data considering the Poincare data sets. For this goal, the bifurcation behavior 
with a linear slowly varying frequency spanning the range from 0 - 120 𝑟𝑎𝑑 sec⁄  has been 
computed and shown in the form of a bifurcation map in Figures 7.8, 7.9, and 7.10. The 
largest level of excitation used in the present study detected a significant broadening of the 
peak responses in the range of 50 − 70 𝑟𝑎𝑑 sec⁄  as shown in the figures. This may be 
attributed to the magnetic actuation provided in the present harvesting system. Further, a 
power-frequency bifurcation map was generated in the absence of magnetic actuation, as 
shown in Figure 7.11. Compared to the case with magnetic excitation depicted in Figure 
7.10, although higher peak values of power close to the natural frequency can be obtained 
in this case but at the expense of a significant reduction in the range of frequencies. It may 
be observed that the range is reduced to approximately 60 − 65 (𝑟𝑎𝑑 sec)⁄  from 50 −
70 (𝑟𝑎𝑑 𝑠𝑒𝑐⁄ ). The increased frequency response achievable using magnetic actuation is 
envisaged to increase power generation in more realistic band-limited random ambient 
excitation. 
 






Figure 7.9: Forward frequency sweep response of the current. Blue dots 
 
 







The dynamic behavior of mono-stable ring harvester has been investigated via numerical 
simulations. An improvement in the system output has been demonstrated by increasing 
the excitation amplitude. This study illustrates that this enhanced bandwidth is dependent 
on the level of external input excitation, the size of the magnet, and the shape of the 
potential function. The potential energy and restoring force have been examined to ensure 
that the mono-stable behavior exists in the proposed model. The dynamic response obtained 
via time-response, phase portraits, frequency response, and a bifurcation map are envisaged 
to provide physical insight into underlying mechanics. Further, the power predictions in the 
form of bifurcation maps may be utilized to achieve design improvements of ring-based 
harvesters and provide aid for ongoing experimental research. 
 
 
Figure 7.11: Forward frequency sweep response of the output power. Blue dots 





NONLINEAR DYNAMICS AND BROADBAND ENERGY 
HARVESTING OF NOVEL BISTABLE RING HARVESTER  
 
8.1 Introduction 
This chapter investigates the nonlinear dynamic response of a macro bistable ring harvester 
system and predicts the displacement, current, and output power. In order to bring out the 
significance of the influence of system nonlinearities, response in the form of the phase 
diagram, Poincare’s map, and bifurcation map are analyzed. For the purpose of 
demonstrating the feasibility of power extraction, harmonic excitation that represents 
ambient energy sources together with a nonlinear magnetic force is considered. The 
frequency sweep responses of the displacement, current, and power have been performed 
for investigating the frequency range and compared with those obtained for a corresponding 
monostable ring harvester. Furthermore, in order to demonstrate the applicability of this 
work to a MEMS bistable ring harvester when the system is subjected to a nonlinear 
electrostatic force, a preliminary analysis is carried and presented.  The concept of 
nonlinear MEMS ring harvester is also entirely new to the literature, and the final 
simulations are under investigation. 
 
8.2 Nonlinear dynamic response analysis for macro bi-stable 
ring harvester 
This section provides detailed dynamic response results for bi-stable energy harvesting 
based on the ring structure. The ring structure and its dynamic behavior are first introduced 
to demonstrate viable design and response versatility. Bi-stable behavior is emphasized in 
the investigation of the nonlinear dynamics of this class of systems. Nonlinear dynamic 
response analysis of the system subjected to nonlinear magnetic force and ambient 
excitation is examined via suitable numerical procedures.  
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A ring-based harvester’s operation relies on the application of nonlinear forces as well as 
well as external harmonic ambient excitation with the excitation frequency close to the 
system resonant frequency to increase device efficiency. For this purpose, the time 
responses, phase diagram, Poincare’s map, and bifurcation diagram have been analyzed. 
The nonlinear dynamic response results predicted in the present study which includes the 
nonlinear parameter 𝛾 have been compared with those of the linear model in the absence 
of this parameter. It may be noted from Eqs. (3.4), (3.5), and (3.6) that, in the absence of 
the nonlinear parameter, the system becomes uncoupled (linear) and represents a mono-
stable ring harvester. The value of natural frequency required for the ambient excitation has 
been computed in chapter 6, and this value has been taken for the numerical simulations. 
This analysis provides an in-depth insight into the design and optimization process for a bi-
stable harvester designed using a ring structure. Also, the present chapter focuses on the 
efficiency of ring energy harvesting in the narrow/broadband frequency range by studying 
the resulting bifurcation behavior.  
The parameters associated with a macro ring-type harvester used in this study are shown in 
Table 6.1. The electrical subsystem parameters have been described in the previous chapter, 
section 7.4. Employing these parameters, Eqs. (3.4), (3.5), and (3.6) are numerically solved 
to investigate the bi-stable ring device response under the influence of nonlinear magnetic 
force and the ambient excitation. In the simulations, the initial conditions are held constant 
at a constant displacement amplitude in driving and secondary coordinates of 7 × 10−3𝑚 
and at initial zero velocity. It may be noted that Eqs. (3.4) and (3.5) are coupled in the 
nonlinear terms; thus, the dynamic response of the bi-stable harvester in the coordinate 𝐵n 
is influenced by the driving coordinate 𝐴n. The time history with long- and short-time 
records in the driving coordinate 𝐴n of a ring bi-stable harvester is shown in Figures 8.1 
and 8.2, respectively. It may be noted that an excitation frequency of 60 rad/sec as chosen 
for the monostable case is used in the predictions.  The two equilibrium points which 
represent the bi-stable behavior are evident from Figure 8.2 that illustrates the short time-
period record.  Further, the time responses have also been examined in the current and 





Figure 8.1: Time response of displacement in the driving direction 𝐴n for bi-stable 
harvester with long time. 
 
 
Figure 8.2: Time response of displacement in the driving direction 𝐴n for bi-stable 







Figure 8.3: Time response of current in the driving direction 𝐴n for bi-stable harvester  
 
 




For the same system parameters and initial conditions, Figure 8.5(a) shows the phase-plane 
trajectory for bi-stable behavior via a two-well potential ring harvester under ambient 
excitation and excitation frequency of 60 𝑟𝑎𝑑 𝑠𝑒𝑐⁄ . Further, the behavior exhibited by a 
corresponding mono-stable harvester is depicted in Figure 8.5(b) displaying only a single 
potential well. Furthermore, Figure 8.5(b) shows the velocity vs. displacement trajectories 
for the present magnetic configurations without consideration of system nonlinear terms. 
However, minimal non-periodic orbits that appear in this figure may be attributed to the 
nonlinear nature of the actuator force that results from magnetic effects. Moreover, Figure 
8.6(a) illustrates the Poincare map in the presence of system nonlinearities as considered in 
the present study. The Poincare map appears as a cloud of unorganized points due to the 
influence of the nonlinear terms in the system and the nonlinear magnetic force. However, 
in the absence of the system nonlinear terms, the corresponding Poincare map consists of 
points organized in a circle with minimal deviations from the periodic orbit, as shown in 
Figure 8.6(b). These minor deviations may be attributed to the seemingly weaker influence 









Figure 8.5: Phase-plane trajectory in the driving coordinate direction 𝐴n: two potential 







Figure 8.6: Poincare’ map in the driving coordinate direction 𝐴n: two potential well 




8.3 Excitation-level based bifurcation analysis for bi-stable 
harvester  
Bifurcation diagrams have been generated for the displacement coordinates 𝐴n , 𝐵n  
response, and the current and power reactions associated with the driving coordinate 𝐴n for 
varying ambient excitation levels under minor initial conditions and are shown in Figures 
8.7, 8.8, 8.9, and 8.10. The excitation level amplitude in the range from 0 − 20 𝑚 𝑠2⁄  with 
the excitation frequency of 60 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  have been considered in this analysis. It is found 
from these figures that the bi-stable system undergoes periodic and chaotic responses with 
increasing excitation levels, demonstrating its strong nonlinearity. Further, the response 
along the secondary driving coordinate 𝐵n  as shown in Fig. 8.7, may also be utilized for 
energy extraction. 
 This possibility is attributed to the nonlinear coupling between the primary and the 
secondary coordinates, as seen in the system nonlinear equations. It may be noted that an 
increase in the excitation level magnitude results in an increase in generated current and 















Figure 8.7: Bifurcation diagram of response versus excitation amplitudes for bi-stable 
harvester: Displacement in the driving direction 𝐴n 
 
 
Figure 8.8: Bifurcation diagram of response versus excitation amplitudes for bi-stable 






Figure 8.9: Bifurcation diagram of response versus excitation amplitudes for bi-stable 
harvester: Current in the driving direction 𝐴n 
 
 
Figure 8.10: Bifurcation diagram of response versus excitation amplitudes for bi-




8.4 Excitation-frequency based bifurcation analysis for bi-
stable and mono-stable harvesters 
In this section, the bifurcation behavior with a slowly varying frequency span from 0 −
120 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  computed in the presence/absence of nonlinear terms and is shown in the 
form of a bifurcation map in Figures. 8.11, 8.12, and 8.13. For this purpose, an excitation 
frequency sweep in the region of interest has been executed.  
Figure 8.11(a) shows the displacement bifurcation diagram in the driving coordinate 𝐴n for 
the bi-stable system in the presence of nonlinear parameter 𝛾. It may be noted that bi-stable 
harvester has a wide range of frequencies due to the influence of the nonlinear terms in the 
system and the magnetic force. However, in the absence of the nonlinear parameter 𝛾, the 
range of frequencies has been shrunk to the content between 50 − 70 𝑟𝑎𝑑 𝑠𝑒𝑐⁄  as shown 
in Figure 8.11(b).  
Figures. 8.12(a) and 8.13(a). illustrate bifurcation diagram of output current and power in 
the presence of nonlinear terms for the bi-stable harvester. Comparing these figures with 
the corresponding Figures. 8.12(b) and 8.13(b) obtained for mono-stable harvester 
demonstrate that the range of frequencies obtained in the bi-stable harvester is much more 
comprehensive. This behavior may be attributed to the influence of nonlinear terms in the 
system and the nonlinear magnetic force combined. Thus, it can be concluded that the 
susceptible ring's second flexural mode when with the proposed bi-stable harvester system 
together with the nonlinear external magnetic force results in an ideal combination that 
yields increased frequency range. Further, at the resonant frequency, the average current 
and power outputs from the bi-stable harvester appear to be of a similar order of magnitude 
compared with those predicted for the corresponding mono-stable harvester. From the 
above observations, it can be concluded that the increased frequency response achievable 
via a ring bi-stable harvester is envisaged to improve the generation of power in the 































In summary, the resulting high amplitudes close to the natural frequency evident in both 
mono-stable and bi-stable harvesters can be exploited in the design of harvesters. However, 
the presence of useful broad-band frequency range for the bi-stable harvester demonstrates 
the usefulness of bi-stable harvester in practice. It may be noted that the same level of 
excitation magnitude resulted in a significant broadening of the peak responses for the bi-
stable harvester when compared with that of a mono-stable harvester. This may be 
attributed to the magnetic actuation, high mode sensitivity, and system nonlinearity present 
in the harvesting system.  
 
8.5 Nonlinear dynamic response analysis for MEMS bi-stable 
ring harvester 
In this section, the work presented in the chapter for the case of macro ring harvesters is 
extended to the case of MEMS bi-stable harvesters. A nonlinear electrostatic force is 
chosen as an exciter for the MEMS harvester, and an analysis is carried out and presented 
to demonstrate the viability.  The concept of nonlinear MEMS ring harvester is also entirely 
new to the literature, and the presented results can only be considered as preliminary and 
further investigations are underway to get more comprehensive results. 
A nonlinear energy harvesting system using nonlinear electrostatic forces to generate 
appropriate nonlinearities is proposed as described in Eqs. (3.17), (3.18), and (3.19). The 
parameters used in this study have been described in Table 5.1. For the electrical subsystem, 
the number of turns of the coil, 𝑁𝑐𝑜𝑖𝑙 is taken to be 3 turns. The inner coil radius 𝑟𝑐𝑜𝑖𝑙 has a 
value of 25 𝜇𝑚 while the coil height, 𝑙𝑐𝑜𝑖𝑙 is 50 𝜇𝑚. The inductance of the coil is estimated 
from 𝐿 ≈ 𝜇0(𝑁𝑐𝑜𝑖𝑙
2 𝜋𝑟𝑐𝑜𝑖𝑙
2 𝑙𝑐𝑜𝑖𝑙⁄ ) and it takes the value of 4.4413 × 10
−10𝐻. The system 
natural frequency, 𝜔0 has been determined, and it has a value of  2.4428 × 10
5  𝑟𝑎𝑑 sec⁄ . 
The system parameters 𝜁 = 0.0001 and 𝛾1 = 5 𝑉𝑠 𝑚⁄ . The load resistance ?̌? can be 
derived from the inductive reactance formula ?̌? = 2𝜋𝜔0𝐿 and it takes the value of 
6.8167 × 10−4 𝑜ℎ𝑚.  The voltage applied between the electrode and the ring 0.9 𝑚𝑉. The 
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distance 𝑑 between electrodes and the surface of ring is  2.5 𝜇𝑚. In order to study the 
nonlinear response analysis of novel MEMS ring-type harvester, the equations of motion 
have been solved via numerical simulation.    
Figures 8.14 and 8.15 illustrate the time history of displacement and output power in the 
driving coordinate 𝐴n of a MEMS ring harvester.  These responses have been computed by 
employing Eqs. (3.17) and (3.18) in the presence of a nonlinear parameter. These figures 
indicate the useful displacement response of the ring in the primary coordinate.  Further, 
they demonstrate the extraction of useful power. However, these results are only 
preliminary, and further investigation is necessary to quantify other output indicators.  This 
requires careful choice of the design parameters, such that the influence of nonlinearities 
could be exploited for the generation of useful power.   
 
 







The nonlinear dynamic response of macro and MEMS ring-based bi-stable harvesters have 
been investigated via numerical simulations. The nonlinearities in the macro ring harvester 
and the applied magnetics forces are shown to broaden the energy harvester's applicable 
frequency range due to the bi-stable behavior. This chapter illustrates that the phase 
diagram, Poincare map, and bifurcation diagram are very much dependent on the level of 
the initial condition, nonlinear terms, and external input excitation. Results presented on 
the nonlinear dynamic response characteristics are envisioned to provide physical insight 
into the underlying harvester dynamics. In the case of MEMS harvesters, although 
preliminary investigation shows promise in utilizing the MEMS ring configuration for 
energy harvesting, further work is warranted before finalizing its viability.  
 




CHAPTER 9  
CONCLUSIONS, CONTRIBUTIONS, AND 
RECOMMENDATIONS  
 
9.1 Summary of research with conclusions 
In this research, the nonlinear and linear equations that govern the in-plane motion of 
rotating thin circular rings have been developed to investigate the dynamic behavior of 
rotating thin circular rings for use in vibratory angular rate sensors. The natural frequency 
variations caused by gyroscopic coupling in the system have been investigated 
mathematically and experimentally when the ring is subjected to an input angular rate. The 
investigations of nonlinear and linear dynamic responses have been studied in the 
presence/absence of input angular rate and nonlinear terms. Comprehensive models of 
nonlinear electrostatic and electromagnetic forces in the presence/absence of nonlinear 
terms of MEMS/macro ring-based gyroscope have been derived. The devices exhibit high 
nonlinearity in the presence of nonlinear terms in the model, which may be attributed to 
high vibration amplitudes. Results of dynamic response obtained via time-response, Phase 
portraits, Poincare maps, and bifurcation diagram indicate that the model and actuator 
nonlinearities play an essential role in shaping the ring dynamic behavior and sensitivity. 
Comparison study of the nonlinear model with the linear counterpart revealed that the 
inclusion of model nonlinearities plays an essential role in shaping the dynamic response. 
Further, an experimental setup of a ring-based macro-scale gyroscope available within the 
Dynamic and Sensing Systems Laboratory is used for experimental validation of the natural 
frequencies predicted via the models developed in this study. This was instrumental in 
confirming the excitation used for the simulations.  
As part of the present study, novel ring-based mono-stable and bi-stable broad-band energy 
harvesters have been designed, and the nonlinear dynamic response is analyzed. The 
dynamic behavior of both macro ring-based bi-stable and monostable harvesters have been 
investigated via numerical simulations. A novel model incorporating nonlinear magnetic 
forces at two equally spaced angular positions has been found to adequately bring out the 
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bi-stable behavior. The nonlinearities in the system and the applied magnetic forces are 
shown to broaden the applicable frequency range of the energy harvester due to the inherent 
bi-stable behavior. It is also worth noting that the ring configuration proposed in the present 
study will allow multiple magnets to provide external excitation. This is certainly 
advantageous since a corresponding beam structure has limited availability of positions for 
the placement of magnets. Hence, the proposed ring harvester can also benefit from 
multiple excitation directions on a single ring which is not feasible with a single beam 
structure. This study illustrates the effectiveness of this form of harvesters via the time 
response, phase diagram, Poincare map, and bifurcation diagrams.  Further, the predictions 
may be utilized to achieve a possible new class of bi-stable harvesters employing ring 
structures. This research concluded that the bi-stable harvester's output power and current 
have been better than that of the monostable harvester, especially in the broadband 
frequency range. In the case of MEMS harvesters utilizing an electro-static force, although 
a preliminary result shows promise, further work is warranted for gaining a complete 
understanding. 
 
9.2 Thesis contributions  
The original contributions of this thesis may be summarized as follows: 
• Developed comprehensive mathematical models of MEMS/macro gyroscopes   for 
the purpose of understanding their dynamic behavior.  The effectiveness of these 
models that incorporate suitable nonlinear electrostatic and electromagnetic forces 
and effects associated with MEMS/macro scale structures have been demonstrated 
via perfections of nonlinear dynamic response.  
• Investigated the influence of angular input rate and nonlinear parameter effects on 
the MEMS/ macro ring gyroscopes in the presence of nonlinear electrostatic and 
electromagnetic forces. The results provide valuable insights for the design of 
MEMS/macro vibratory angular rate sensors. The results can be used for further 
analysis, design, and prediction of achievable improvements. 
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• Designed and studied the nonlinear dynamic behavior of a novel macro ring-based 
monostable/bi-stable energy harvesting system that employs a magnetic force 
system. The proposed ring system offers a better alternative to the previously used 
beam and tube structural configurations.  Comprehensive models that describe the 
actuator characteristics and their influence on the system model have been shown 
to bring out the bi-stable behavior which is instrumental in the energy harvesting 
process. 
• Built numerical schemes and MATLAB codes that accurately predict the dynamic 
behavior and are considered helpful for further studies related to MEMS/macro ring 
gyroscope dynamics. The numerical schemes will also be beneficial for the design 
of the proposed novel bi-stable/monostable ring harvesters. 
• Investigated the dynamic response and frequency split behavior of a device-scale 
cylindrical fused silica resonator via simulations and experiments. Also, performed 
the investigation of the dynamic stability of gyroscopes that employ these 
resonators when the device is subjected to random angular rate perturbation. The 
models developed as part of the present research was instrumental in performing 
this research. This work has been performed in collaboration with NUDT China. 
 
 
9.3 Suggestions for future research 
This thesis presented a systematic approach for understanding the nonlinear dynamic 
behavior of ring-based gyroscope as well a novel ring-based harvester. The analysis 
presented in this thesis provides confidence in applying these schemes for the laboratory- 
scale macro models as well as the micro and macro device-scale models. However, before 
these methods can be applied for the design of these devices, the following areas for future 
research are recommended: 
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• In the present research, experimental validation of the natural frequencies for the 
laboratory-scale ring system was employed.  However, to validate the results from 
the comprehensive nonlinear models developed in the present research, the present 
experimental system may be adapted for extracting the nonlinear response 
indicators used in the current study. 
• The linear mathematical model has been successfully employed in the manufacture 
of resonators used in the device-scale gyroscopes for the purposes of minimizing 
the frequency-split behavior of resonators. However, further use of this model in 
the manufacturing process may be explored. 
•  Research on bi-stable harvester dynamics performed as part of this research has 
been confined to ambient harmonic energy sources of a single frequency.  Although 
a frequency sweep in a broad range of frequencies was considered to demonstrate 
the effectiveness of the ring harvester, simulations must be performed with random 
harmonic excitation to demonstrate the applicability further.  
• The preliminary results obtained in the present thesis for MEMS harvesters utilizing 
an electrostatic force show promise based on the responses and the bi-stability 
behavior.  However, the actuation methods, number of actuators, and the level 
actuations together with the ring structure parameters must be optimized so that a 
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Appendix A: 
The integral formulae employed in simplification of equations (2.10), (2.11), (3.10), and 
(3.11) are 
∫ cos(𝑛𝜃) 𝑑𝜃 = 0,
2𝜋
0
∫ sin(𝑛𝜃) 𝑑𝜃 = 0,
2𝜋
0
  (A.1) 
∫ cos(2𝑛𝜃) 𝑑𝜃 = 0,
2𝜋
0
∫ sin(2𝑛𝜃) 𝑑𝜃 = 0,
2𝜋
0
  (A.2) 
∫ cos(𝑛𝜃) sin(𝑛𝜃) 𝑑𝜃 = 0,
2𝜋
0
 , (A.3) 
∫ cos(2𝑛𝜃) cos(𝑛𝜃) 𝑑𝜃 =
1
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∫ cos(2𝑛𝜃) sin(𝑛𝜃) 𝑑𝜃 =
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∫ sin(2𝑛𝜃) cos(𝑛𝜃) 𝑑𝜃 =
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∫ sin(2𝑛𝜃) sin(𝑛𝜃) 𝑑𝜃 = −
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Upon substitution of expressions for the mode functions in Eq. (3.1) and after multiplication 
by the weighting functions, integration with respect to 𝜃 from 0 to2𝜋, the following 
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